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Chapter 1

Introduction

1.1 Accident risk assessment

Stochastic dynamical modelling of accident risk is of high interest for the safe
design of complex safety-critical systems and operations, such as in nuclear and
chemical industries, and advanced air traffic management, e.g. see (Smidts et al.,
1998; Labeau et al., 2000; Blom et al., 2003a) and their references. In comparison
with statistical analysis of collected data (Embrechts et al., 1997), stochastic
dynamical modelling approach has the advantage of enabling the use of stochastic
analysis and advanced Monte Carlo (MC) simulation approaches (Doucet et al.,
2001). In some simple cases it is possible to use analytical calculation methods
and these would normally be preferred. However, for complex situations, MC
simulation often represents the only useful alternative. The advantage of standard
MC simulation methods for accident risk assessment is that they do not require
any specific assumptions on the system under consideration.

We define the risk as the probability that a particular adverse event occurs
during a stated period of time. Usually this is the event when the system reaches
a particular critical state. The events with very small probability of occurrence
are called rare events . Obtaining accurate estimates of rare event probabilities,
say about 1072 to 10~'2, is not realistic just by using straightforward MC simu-
lation because most of the realizations of the system never reach the rare event
states. For example, in order to estimate the probabilities of order 10™?, about
10! simulation runs are needed, which is very time consuming. This makes MC
simulation to be a practical alternative only when it is possible to realize a high
speed up.

The techniques used in (Smidts et al., 1998; Labeau et al., 2000; Blom et al.,
2003a) for speeding up MC simulation are model specific risk decompositions.
Hence there is a need for a more systematic and general approach.

A well known approach is importance sampling, which is based on a modifica-
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1.1. ACCIDENT RISK ASSESSMENT

tion of the underlying probability distribution in such a way that the rare events
occur much more frequently. The effectiveness of such method depends critically
on the ability to find the right change of measure. If it is done improperly, the
importance sampling may produce worse results than straightforward simulation.
Finding the right change of measure generally requires identifying at least the
rough asymptotics of a rare event probability. This type of analysis can be formi-
dable in complex dynamic models. See (Heidelberger, 1995; Shahabuddin, 1995;
Liu, 2003) and (Juneja and Shahabuddin, 2006) for surveys.

An alternative approach for rare event estimation, that requires little analysis
of system structure for its applicability, is to express the small probability of rare
event to be estimated as the product of a certain number of larger probabilities,
which can be efficiently estimated by the MC methods. This can be achieved by
introducing sets of intermediate states that are visited one set after the other, in
an ordered sequence, before reaching the final set of rare event states. The prob-
ability of rare event is then given by the product of the conditional probabilities
of reaching a set of intermediate states given that the previous set of intermediate
states have been reached. Each conditional probability is estimated by simulating
in parallel several copies of the process, i.e. each copy is considered as a particle
following the trajectory generated through the process dynamics. Each parti-
cle branches (i.e. the trajectory splits into a number of independent subpaths,
which subsequently evolve independently of each other) as soon as it enters the
intermediate states, which is usually characterized by crossing a threshold by a
control parameter. Reaching intermediate states is more likely than reaching the
rare event states, and by splitting at each threshold the chances to reach the rare
event states are increasing.

A number of techniques based on the above mentioned idea of state space
decomposition and splitting of trajectories are available in the literature: mul-
tilevel splitting techniques (for a complete review and detailed list of references
see (Glasserman et al., 1999; Lezaud et al., 2004)); empirical method RESTART
(Villén-Altamirano and Villén-Altamirano, 1991, 1994); and more recent Inter-
acting Particle Systems (IPS) approaches (Cérou et al., 2002; Del Moral, 2004;
Cérou et al., 2005). The IPS approach seems to be the most suitable for rare event
estimation in stochastic dynamical systems. This will become clear in Chapter 2,
where we give a brief overview of these splitting approaches.

In practice the IPS approach can be applied to any process. For the conver-
gence proof to hold true, however a strong Markov process is required. The IPS
approach works very well with diffusion processes (Krystul and Blom, 2004), but
needs to be improved in order to provide computationally efficient and reliable
estimates of rare event probabilities in stochastic dynamical systems that exhibit
regime-switching behavior, i.e. the systems evolving in a hybrid state space. In
this thesis we develop efficient model-independent IPS based MC simulation ap-
proaches for accident risk assessment in complex stochastic hybrid systems. This
will be done in Chapter 5.
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CHAPTER 1. INTRODUCTION

1.2 Stochastic dynamic modelling

Another essential part of the thesis deals with the modelling issues of dynamical
hybrid systems. Herein we explain which modelling approach is taken in this
thesis and the reasons of our choice.

While studying a wide variety of real-world phenomena we usually encounter
processes the course of which cannot be predicted beforehand. For example:
sudden deviation of the altitude of an aircraft from a prescribed flight-level; re-
production of bacteria in a favorable environment; movement of a stock price on
a stock exchange. We cannot predict in advance whether at a particular time
moment the altitude of the aircraft will be 19900 or 20100 feet, and what will be
the coordinates. Such processes can be represented by stochastic movement of a
point in a particular space specially selected for each problem. The proper choice
of the phase space turns physical, mechanical or any other real-world system into
dynamical system (it means that the current state of the system determines its
future evolution). Similarly, by a proper choice of the phase space (or state space)
an arbitrary stochastic process can be turned into a Markov process, i.e. a process
the future evolution of which depends on the past only through its present state.
This property is called the Markov property. From a whole set of stochastic
processes this Markov property singles out a class of Markov processes which are
a natural generalization of the dynamical system. In this thesis we deal only with
Markov processes.

There exist two directions in the development of theory of Markov processes:
an analytical and a stochastic direction. Transition densities or transition proba-
bilities are the starting point of the analytical Markov process theory. It studies
various classes of transition densities and transition probabilities, which are de-
scribed by equations (for example, by partial differential equations), which in most
cases can be solved only by numerical approximation methods. When proving the
existence of corresponding Markov processes, any obtained conditions and prop-
erties on transition densities and probabilities are simply interpreted as certain
properties of these processes. Broadly speaking, the approach taken by analyti-
cal Markov process theory could be compared with the analysis of the properties
of random variables on the basis of their distribution functions or densities. In
the stochastic Markov process theory a Markov process is constructed directly
as a solution to stochastic differential equation (SDE). The main advantage of
this approach is that it is easier to study a Markov process as a solution of a
particular equation than a Markov process that is implicitly defined through its
transition density or probability. In this thesis we consider only the stochastic
Markov processes approach for modelling real-world dynamical systems.

Currently, the theory of stochastic differential equations, widely using martin-
gale methods, has become a powerful tool for constructive description of various
classes of stochastic processes including the processes which are semimartingales.
Semimartingales form one of the most important and general class of stochastic
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1.3. NUMERICAL APPROXIMATION

processes which includes diffusion-type processes, point processes, and diffusion-
type processes with jumps that are widely used for stochastic modelling. Con-
sidering SDE with semimartingale solutions gives an advantage. It allows to use
the powerful stochastic calculus available for the semimartingale processes when
performing complex stochastic analysis.

Continuous time Markov processes such as diffusions, point processes and
diffusions with jumps have been successfully used for years in stochastic model-
ling of various continuous time real-world dynamical systems with the Euclidean
phase space. Recently, there is a great interest in more complex continuous time
stochastic processes with the hybrid state space containing both Euclidean and
discrete valued components. Such processes are called stochastic hybrid processes
. Euclidean and discrete valued components may interact, i.e. Euclidean valued
components may influence the dynamics of discrete valued component and vice
versa. This makes the modelling and the analysis of stochastic hybrid processes
quite involved and challenging. Several classes of stochastic hybrid processes
have been studied in the literature, e.g. counting processes with diffusion inten-
sity (Snyder, 1975; Marcus, 1978), diffusion processes with Markovian switching
parameters (Wonham, 1970; Mariton, 1990), switching diffusions (Ghosh et al.,
1993, 1997), piecewise deterministic Markov processes (Davis, 1984, 1993; Ja-
cod and Skorokhod, 1996), Markov decision drift processes (Duyn Schouten and
Hordijk, 1983), stochastic hybrid systems of (Hu et al., 2000; Pola et al., 2003) and
more recent SDE models on hybrid state spaces (Blom, 1990, 2003; Blom et al.,
2003b; Ghosh and Bagchi, 2004; Krystul et al., 2006). All these stochastic hybrid
processes arise in various kind of applications, have different degree of modelling
power and have different properties inherent to the problems that they have been
developed for. As we have already mentioned above, in this thesis we restrict our
attention to the stochastic approaches of modelling of stochastic hybrid systems,
i.e. modelling by Markov processes which are defined as solutions to SDE.

1.3 Numerical approximation

Most SDE do not admit closed form analytical solutions, the only alternative of
studying them is then numerical simulation. The sample paths (realizations) or
functionals of solutions of SDE are commonly simulated through discrete-time
approximations which are implementable on digital computers.

The discrete-time numerical schemes for It6 diffusions are well explained in
the literature (Kloeden and Platen, 1992). A discretization scheme for jump-
diffusion processes with state-dependent intensities was considered in (Glasserman
and Merener, 2004). Weak approximations of killed (or stopped) diffusions were
studied in (Gobet, 1999q,b, 2000, 2001) and (Moon, 2003). They develop and
prove the convergence of numerical schemes that approximate the expected value
of a given function depending on the solution of an Itd stochastic differential
equation and, in some cases, on the first exit time from a given domain. However,
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CHAPTER 1. INTRODUCTION

despite the availability in the literature of a large number of numerical techniques
for SDE, most of the focus has not been on SDE on hybrid state spaces. In this
thesis we study the discrete-time approximations of a class of stochastic hybrid
processes defined as solutions to SDE, namely the switching diffusions with state
dependent switching rates (Ghosh et al., 1993, 1997). We propose to approximate
the switching diffusion by strong Euler-type discretization scheme and prove its
convergence. Next, following the approach of Gobet (1999a) we prove that under
weak conditions the first passage times of the discretized process weakly converge
to the first passage times of the original process. These results are necessary in
order to implement the IPS simulation approaches for a switching diffusions on a
computer.

1.4 Layout and contributions

The thesis consists of six chapters. The contents of the remaining chapters are
briefly summarized as follows.

Chapter 2 This chapter is an introductory discussion concerning accident risk
assessment in stochastic dynamical systems. It starts with a simple mo-
tivating example from air traffic management domain. Two different risk
measures are discussed: the in-crossing risk versus the hitting probability.
Standard Monte Carlo, multilevel splitting and interacting particle systems
approaches for rare event estimation in stochastic dynamical systems are
explained. Interacting particle systems approach, as the most promising, is
tested on a special test example for which the exact analytical solution is
known. This chapter is mainly based on the following papers (Glasserman
et al., 1999; Cérou et al., 2002; Krystul et al., 2003; Krystul and Blom, 2004;
Lezaud et al., 2004), as well as other references in the chapter.

Chapter 3 This chapter deals with modelling of stochastic hybrid processes as
strong solutions to stochastic differential equations on hybrid state space.
A brief introduction to semimartingales is given. The existence and unique-
ness results for R™-valued jump-diffusions are presented. Next, these results
are extended to a class of hybrid state processes with Poisson and hybrid
Poisson jumps. A general stochastic hybrid process which includes jumps at
the boundaries is characterized. Several classes of stochastic hybrid models
are discussed and compared. Finally, the Markov and the Strong Markov
properties for the general stochastic hybrid process are shown. This chap-
ter is based on (Blom, 2003; Blom et al., 2003b; Ghosh and Bagchi, 2004;
Krystul et al., 2006).

Chapter 4 This chapter addresses some issues concerning time discrete approxi-
mations of stochastic hybrid processes. The stochastic Euler scheme for the
switching diffusion with state dependent switching rates is presented. The
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proof of strong convergence of Euler scheme is given. The approximation of
first passage times is discussed and the convergence is proved. This chapter
is based on (Krystul and Bagchi, 2004).

Chapter 5 In this chapter new Hybrid IPS algorithm is being developed for the
efficient estimation of rare event probabilities in stochastic hybrid systems.
First, the IPS approach is formulated for a switching diffusion case and
subsequently extended to Hybrid IPS algorithm which is designed to cope
with large differences in mode probabilities and rare switchings. Numerical
evaluations and comparison of different versions of the IPS algorithms are
given. This chapter is mainly based on (Cérou et al., 2002; Krystul and
Blom, 2004, 2005b).

Chapter 6 This chapter presents conclusions and recommendations on the pos-
sible directions for future research.



Chapter 2

Brief overview of Monte
Carlo techniques for
accident risk assessment

2.1 Introduction

The aim of this thesis is to develop a general framework for the modelling and
assessment of accident risks in complex stochastic dynamical systems. In par-
ticular, we are interested in developing the framework which would facilitate the
design of new advanced Air Traffic Management (ATM) concepts.

In the design of advanced ATM concepts, safety is recognized as a key fac-
tor. Traditional ATM design approaches tend first to design advanced ATM that
provides sufficient capacity, and next to extend the design with safety features.
The advantage of this approach is that ATM developments can be performed
separately for a range of clusters of individual elements, i.e., the communication
cluster, the navigation cluster, the human machine interfaces, the advanced pro-
cedures such as missed approaches, air traffic control sector transitions, overtake
manoeuvres in unmanaged airspace, etc. The disadvantage of this traditional
approach is that it fails to address the impact of interactions between ATM ele-
ments on the overall safety of the system and it is much more difficult to extend
the already-existing design so that it meets safety requirements (Blom et al.,
2003a). Today, modelling seems to be the only feasible and cost effective way
to develop new advanced ATM designs that are inherently safe at the capacity
level required. In our intended unified modelling framework all individual ATM
elements and interactions between them will be treated as one complex dynami-
cal system, the evolution of which is described by a set of stochastic differential
equations.



2.2. MOTIVATING EXAMPLE

This chapter is organized as follows. Section 2.2 presents the motivating ex-
ample from ATM domain and a general discussion. Section 2.3 explains standard
Monte Carlo, multilevel splitting and interacting particle systems approaches for
rare events estimation in stochastic dynamical systems.

2.2 Motivating example

Let us consider a simple scenario where two aircraft are flying towards each other
on the parallel straight lanes on the same flight level. We assume that each
aircraft is represented as a box having a fixed orientation, and we also assume that
evolution of the pair of aircraft is represented by stochastic differential equations,
one for each aircraft, i.e. for i = 1,2,

dX} = a"(Xy)dt + b"(X,)dW},

with Xy = {X}, X2}T, W, = {W}}, W2}, W} an n-dimensional standard Brownian
motion, {X;} assumes values in R". Here the Brownian motion is used to model
the effects of random wind disturbances on aircraft trajectories. Some elements
of X} form a 3D position s! of aircraft i,

i _ i
sy = HX{,

with H a 3 X n-matrix. To avoid the Brownian motion behavior in positions, the
following assumption is adopted

Hb (X;) =0 fori=1,2.

Hence
dsi = vidt with vi 2 Ha'(X,).

Next, let s} and s? represent the positions of centers of aircraft pair. Then by

sy = 8f — 57
we denote the relative position (separation process) . The relative velocity is
represented in a similar way
v = vy — v}
Hence
dSt = ’Utdt.

These relative position/velocity equations were used in the previous studies by
Bakker and Blom (1993); Blom and Bakker (2002); Blom et al. (2003b). Of
course, in these references, the description of ATM scenarios involves much more
than these relative position/velocity equations alone. In general, descriptions of
real ATM scenarios are very complex. For example, an aircraft trajectory can
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be subdivided into distinct segments corresponding to different phases of flight
and operation modes. The aircraft can be in nominal mode, where it has small
deviations from the lane; in a non-nominal mode caused by hardware failure or
human error, where it exhibits large deviation from the predefined flight path; in
a sharp turn mode and so forth. Thus for a realistic modelling of ATM scenarios
it is more natural to use a hybrid state stochastic process {X;,0;} where the
Euclidean valued component X;, for example, can represent the aircraft position,
speed, acceleration, etc., and the discrete valued component 6; can describe the
flight phase, the operation modes of the hardware, the stress level and workload
of the air traffic controller and pilots.

Let us continue with our relative position/velocity equations. We define a
collision domain D = Dy x Dy x D3, (D = [—myg,mg]), as a box of a size of
two aircraft with center in the origin of axis. If the relative position process {s;}
enters set D then it means that at moment ¢ the physical volumes of two aircraft
are not separated any more, i.e. they have collided. Our aim is to assess the risk
of collision between a pair of aircraft. Now, the natural question arises: how to
measure the accident risk. Several safety metrics have been used in the literature
for accident risk assessment in ATM. Let us discuss them in detail.

Incrossing risk. First, let us consider a safety metric used by the Interna-
tional Civil Aviation Organization (ICAO) known as incrossing risk. This metric
arose from the studies of Rice (1945) and Reich (1964) and its development was
continued by Bakker and Blom (1993); Blom et al. (1994) and Blom and Bakker
(2002). The incrossing risk is defined as an expected number of incrossings of a
process into a particular critical domain (in our example it is a collision domain
D). Each time the separation process {s;} enters the set D, we say an incrossing
occurs, and each time it leaves the set D, we say an outcrossing occurs. Following
(Bakker and Blom, 1993) the expected number of incrossings %, (0,T) between
a pair of aircraft in the time interval [0, T satisfies:

Rin(0,T) = /OT o(t)dt (2.2.1)

with ¢(t) the in-crossing rate, which is defined, if the limit exists, as

AL P(St_A¢D,St€D)

In (Bakker and Blom, 1993) and (Blom and Bakker, 2002) characterizations of
the in-crossing rate ¢(t) have been derived under very general conditions. In
(Bakker and Blom, 1993) the following characterization for in-crossing rate has
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been developed:

3 0o
o) =3 / ( / UkDan 0 (812~ 04
k=17LD, /0

0
+ / —VkPs,,vn.0 (> Mk vk)dvk) ds,,

— 00

where
QIEDQXD?,, Q2ED1XD3, Q3ED1XD2,

Sy = (82,83), Sy =(s1,83), 83 =(s1,52).

The above model, referred to as the generalized Reich model, assumes that the
process {s;, v} is Markov and admits a joint density function ps, 4, (s,v) which
satisfies the Chapman-Kolmogorov equation:

pstyvt(87,u) :/ / pStg'Ut‘SOg'UO(S’U“S/?vl)pSOfUO(s/?’U/)dS/dUI'
R3 JR3

The initial density function ps, ,,(s,v) is assumed to be known. Theoretically,
the time evolution of the transition density ps, 4, |so,v, (5, v[8’,v") can be character-
ized through appropriate forward or backward Kolmogorov equations (see (Bakker
and Blom, 1993; Krystul et al., 2003) for overview and discussion). Unfortunately,
solving these equations analytically or numerically is not realistic when the di-
mension of the process is as high as it is in ATM applications. For some of existing
ATM operations there is an alternative way in using the generalized Reich equa-
tions. This consists of drawing appropriate samples from the true operation, and
to use these samples as an empirical density in the evaluation of the generalized
Reich model (Blom et al., 2003b). This approach can only be applied to ATM
designs that are sufficiently long in operation, but not for advanced designs.

Another important issue is that, in fact, in the above model the incrossing of
collision domain D can happen more than once. The first incrossing is the actual
collision of the aircraft, thus, the successive incrossings have no real physical
meaning. Hence the incrossing risk is an upperbound of the collision probability.
An exact characterization of the difference has been provided by Blom et al.
(2003b). The upperbound approximation aspect has been identified for the first
time by Hsu (1981). By appropriate modelling of the aircraft evolution one can
achieve that the chances to have more than one incrossings, i.e. collisions, between
one pair of aircraft are extremely small.

Hitting probability. In stochastic analysis the collision probability is com-
monly referred to as hitting (sometimes also called first passage, or first exit)
probability. Define the hitting time of set D:

T=inf{t > 0:s; € D},
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i.e. the first incrossing time of set D. If {s;,v;} is an adapted cadlag (i.e. all its
paths are right-continuous with left limits) process and D is a closed set, then 7
is a stopping time, the event {w : 7(w) < T'} is well defined and its probability
can be estimated. The probability to hit the target set D within the time interval
[0,T] is denoted as follows

Pnit(0,T) = P(r <T). (2.2.2)
This risk metric agrees with the following definition of risk adopted by (RS, 1992).

Definition 2.2.1. We treat the risk as the probability that a particular adverse
event occurs during a stated period of time. As a probability in the sense of statis-
tical theory, risk obeys all the formal laws of combining probabilities. Explicitly
or implicitly, it must always relate to the risk of a specific event or set of events
and where appropriate must refer to an exposure to hazard specified in terms of
its amount or intensity, time of starting or duration.

For particular types of Markov processes the risk metric (2.2.2) can be nu-
merically evaluated through solving a backward Kolmogorov partial differential
equation (PDE) with Dirichlet type boundary conditions (Friedman, 1975, Theo-
rem 5.2, Chapter 6). However, the numerical evaluation of such PDEs is limited
to two- or at most three- dimensional problems.

Since the Monte Carlo simulation techniques are almost insensitive to the
dimensionality of the problem and do not require specific assumptions on the
system under consideration, they seem to be the perfect alternative to numerical
approximating techniques. In the following section we give a brief introduction
to Monte Carlo techniques and discuss their suitability for rare event probability
estimation in stochastic dynamical systems.

2.3 Monte Carlo and rare event estimation

Throughout this section, all stochastic processes are defined on a complete sto-
chastic basis (Q, Z, (Z1)i>0, P) with (%;):>0 a right continuous filtration.

2.3.1 Standard Monte Carlo

In this section we explain the main issues concerning the MC simulation of SDE.
Most SDE do not admit closed form analytical solutions, the only alternative
then is numerical simulation. There are two types of problems connected with the
simulation of solutions of SDE. The first type is where a good pathwise approx-
imation is required, for instance in direct simulations or filtering problems. The
second type of problems is where one is interested in approximating expectations
of functionals of solution, such as its probability distribution and its moments.
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2.3. MONTE CARLO AND RARE EVENT ESTIMATION

For example, consider an R™-valued Tto process {X;}, t € [0, T}, satisfying the
following SDE:
dX; = a(X;)dt + b(Xy)dWr. (2.3.1)
If one were able to solve (2.3.1) explicitly, the generation of sample paths and
evaluation of functionals
E[f(X)], (2.3.2)
where a given function f depends on a solution X = {X;,0 < ¢t < T}, would be
an easy task.

Remark 2.3.1. For accident risk assessment function f would be of the following
form:

fF(X) =

where a stopping time 7 = inf{t > 0 : X; € D} is a hitting time of a closed
domain D. Then

1{ inf{t>0:X,eD}<T} Lir<ry,

E[f(X)] = P(r < T) = Pyu(0,7). (23.3)

Unfortunately, very few specific SDE have explicitly known solutions. The well
known exceptions are linear Gaussian SDE. A widely applicable approach to eval-
uating functionals like (2.3.2) and to generating sample paths of solutions of SDE
is the simulation of sample paths of appropriate time discrete approximations.
Usually this is done as follows.

For a given time interval [0,7T] we take a discretization 0 = tg < t; < -+- <
t;, =T with a constant step h = T'/L. Then we should construct an appropriate
approximating process { X/} for the process {X;}. One of the simplest approxi-
mations is the explicit stochastic Euler approximation. This is a continuous time
stochastic process { X'} = {Xth, 0<t< T} satisfying the iterative scheme

XP = X0 (X)) (b — ) + (XD ) (Wi, — W), (2.3.4)

bt
n=20,1,...,L — 1, with initial value Xg = Xy. This scheme provides us with a
method for pathwise approximation of the process {X;}. Note that for a given
time discretization the recursive Euler scheme (2.3.4) determines values of the ap-
proximating process {X]'} at the discretization times only. If required, the values
at the intermediate instants can be determined by an appropriate interpolation
method.

Definition 2.3.2. We shall say that a time discrete approximation {X/} with
maximum step size h € (0,T] converges strongly to {X;} if for all ¢ € [0,T]

lim E[| X} — X¢|] = 0.
lim B[ X/ - X,
We shall also say that a time discrete approximation {X['} converges strongly with

order v > 0 to {X;} if there exist a positive constant C, which does not depend
on h, such that for all ¢ € [0, T

E[| X! - Xi|] <Ch", 0<h<T.
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For computation of moments, probabilities or other functionals of the process
we do not need so strong form of convergence as in the case of pathwise approx-
imations. It is only required that the probability distribution of the processes
{X;} and {X]'} are sufficiently close to each other, but not necessarily the actual
realizations of the random variables.

Definition 2.3.3. We shall say that a time discrete approximation {X/} with
maximum step size h € (0,7 converges weakly to {X;} with respect to a wide
class € of test functions f if for all ¢ € [0, 7]

lim [E[f(X)] — E[f(X,)]| =0, forall f €%.

We shall also say that a time discrete approximation { X'} converges weakly with
order v > 0 to {X;} if there exist a positive constant C, which does not depend
on h, such that for all ¢ € [0, 7]

[E[f(X!)] —E[f(X;)]] <CRhY, 0<h<T.

Remark 2.3.4. In classical literature, class € is usually a class of sufficiently
smooth functions. One can also consider a more general classes. For example,
Gobet (1999a) has studied weak approximations for killed (or stopped) diffusion
and he required functions f to be only bounded and measurable.

Recall that in our stochastic modelling framework the problem of accident risk
assessment is reduced to the problem of estimating the functional (2.3.3), i.e. the
probability that a process reaches a critical domain within a given time interval.
It can be approximated using an appropriate weak time discrete approximation.

The general discrete-time numerical schemes for Ité diffusions are well ex-
plained in (Kloeden and Platen, 1992). A discretization scheme for jump-diffusion
process with state-dependent intensities was considered in (Glasserman and Mere-
ner, 2004). Weak approximations of killed (or stopped) diffusions were studied in
(Gobet, 1999a,b, 2000, 2001) and (Moon, 2003).

Suppose we have chosen a particular weak approximation {X}'} (e.g. Euler)
and want to use it in order to estimate a functional E[f(X)]. We know that in
theory E[f(X")] ~ E[f(X)] with a certain accuracy when h is “small”. Next,

generate a large number of independent realizations X", i = 1,2,..., N, of
random process X" = {X{ ,n=1,2,..., L} and calculate the sample average
1 o hi
¥ > Fxh. (2.3.5)
i=1

By Kolmogorov’s strong law of large numbers!

N
1 )
N § f(X™Y) — E[f(X™)] with probability 1, as N — oo.

i=1

Iprovided that E[f(X")] < co.
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Hence, we can consider the sum (2.3.5) as an estimator of E[f(X)] with the
following error:

1 .
N 2 S —Ef(X)]

A
= Estat + Esys-

Here 55 = €4ys(h) is the systematic error and depends only on the approximation
X", Tt tends to 0 as h — 0. The random variable €444t = €stat(w, h, N) is called
the statistical error. If the number of independent simulations IV is large then the
Central Limit Theorem says that the statistical error is asymptotically Gaussian
with mean zero and variance

Var(estar) = %Var(f(Xh)).

Thus, if N tends to infinity the statistical error tends to 0.

For example, in order to obtain a reliable estimate of rare event probability of
order 10™?, we must run about 10! independent simulations, which is very time
consuming. To overcome this problem different efficient techniques for speeding
up the simulations have been developed. In many applications the importance
sampling techniques proved to be useful in reducing the variance of the simulated
estimate and hence reducing the computational effort required to achieve a fixed
degree of relative accuracy. The effectiveness of such method depends critically
on the ability to find the right change of measure. If it is done improperly, the
importance sampling may produce worse results than straightforward simulation.
Finding the right change of measure generally requires identifying at least the
rough asymptotics of the quantity to be estimated. This type of analysis can be
formidable in complex dynamic models. See (Heidelberger, 1995; Shahabuddin,
1995; Liu, 2003) and (Juneja and Shahabuddin, 2006) for surveys.

2.3.2 Splitting techniques

In this subsection we discuss a class of splitting techniques for rare event esti-
mation. The simulation approaches that are based on a splitting of trajectories
require little analysis of the structure of the stochastic dynamic system under
consideration. The idea is to express the small probability of rare event to be
estimated as the product of a certain number of larger probabilities, which can
be efficiently estimated by the MC methods. This can be achieved by introducing
sets of intermediate states that are visited one after the other, in an ordered se-
quence, before reaching the final set of rare event states. The probability of rare
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event is then given by the product of the conditional probabilities of reaching a
set of intermediate states given that the previous set of intermediate states have
been reached. Each conditional probability is estimated by simulating in parallel
several copies of the system, i.e. each copy is considered as a particle following the
trajectory generated through the system dynamics. Each particle branches (i.e.
the trajectory splits into a number of independent subpaths, which subsequently
evolve independently of each other) as soon as it enters the intermediate states,
which is usually characterized by crossing a threshold by a control parameter.
Reaching intermediate states is more likely than reaching the rare event states,
and by splitting at each threshold the chances to reach the rare event states are
increasing.

For example, let us consider a multidimensional diffusion process which is
assumed to start in some Borel set Dy C R™ with a given initial probability

PXO('):

where a(z) : R" — R”, b(z) : R™ — R™*"™ and {W;} is a Wiener process in R"™
independent of Xy. For a given target Borel set D C R™ (DN Dy = &), we define
the first time the process {X,} hits D, namely

7p =inf{t > 0: X; € D}, 7p = oo if this set is empty.
We would like to estimate the quantity
Ppit(0,T)=P(rp <T) (2.3.7)

for some T' < o0, i.e. the probability that diffusion {X;} will hit the rare event
set D before time T'.
Let us introduce a sequence of nested Borel sets?

D=D, C---CD (2.3.8)

where Dy, is a closed Borel set of R™, and D; such that Dy N Dy = @. The first
moment that {X;} hits a set Dy, is defined as the stopping time:

Tk £ inf{t >0:X; € Dk},

7 = oo if this set is empty. Note that P(7p < T) = P(r, < T). The process
{X:}, before hitting D, passes through a sequence of nested sets (2.3.8). An
implicit assumption is that set Dy41 can not be reached from set Dj_; without
reaching Dy, k = 1,2,...,m — 1. Reaching the intermediate sets Dy’s is more
likely than reaching the rare event set D. Next, one can express the probability

2we will also use the term “sequence of nested level sets” or just “level sets”
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of rare event Pp;;(0,T) as a product of conditional probabilities of intermediate
“less rare” events leading to it (e.g. see Chapter 5):

Puir(0,T) = [ P(r < Tlria < 7). (2.3.9)
k=1

All splitting techniques have in common that they all use the same idea of
state space decomposition. The main differences lie in how the trajectories are
being split and in the existence of convergence proofs. In what follows we give
a brief description of the most interesting splitting approaches. For a complete
review and detailed list of references see (Glasserman et al., 1999; Lezaud et al.,
2004; Cérou et al., 2005).

Multilevel splitting and RESTART

The multilevel splitting approach proceeds as follows. From the initial state
Xo € Dy we generate a trajectory until it reaches the set Dy. If the set D; is hit we
split the trajectory into R; subtrajectories (trials) which independently continue
evolution until the next set Ds is hit. This procedure is repeated for all sets Dy,
k=1,...,m—1, ie. we split the trajectory into Ry subtrajectories (trials) each
time the set Dy is hit. If a trajectory can not reach the rare event set D during
the fixed time interval [0, 7] then we stop it. We independently repeat the whole
procedure Ry times, thus in total we consider RoR; ... R,,_1 trials. Note that
if the process failed to hit the set Dy at the k-th step then in total Ry ... R,,_1
possible retrials have failed. Let Ip denote the total number of trajectories having
reached the set D. Then, an unbiased estimator of Pp;(0,7) = P(rp < T) is
given by

Ip
R[5 R

Villén-Altamirano and Villén-Altamirano (1991, 1994) describe a slightly dif-
ferent implementation of the multilevel splitting technique. In their empirical
method called RESTART, a trajectory splits every time it crosses a nested set
Dy, k=1,...,m — 1, even the one it has reached before. The RESTART ap-
proach can also be used to estimate rare transient events not only the probability
to reach the rare event set.

Phit(oa T) ~

The central issue in implementing these methods is choosing the nested sets
(2.3.8) and choosing the number of subtrajectories (i.e. Rg,Ri,...,Rm—1) to
generate when a trajectory splits. Too many splittings results in explosive com-
putational requirements, and too few splittings eliminates any reduction in vari-
ance of the estimator, i.e. the resulting algorithm provides no speed up gains in
comparison with the standard Monte Carlo simulation. Glasserman et al. (1999)
analyzed the multilevel splitting method for a class of simple models. Under cer-
tain assumptions they identified the optimal degree of splitting of trajectories at
each level set Dy, as the rarity of the event increases: it should be set so that the
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expected number of subtrajectories reaching each level set Dj remains roughly
constant. Among the restrictions they have imposed to obtain this result, the
most significant is the requirement that there be either only finitely many ways of
achieving each level set Dy, or only one component of the process can take values
in space R and the other components can assume only a finite number of val-
ues. Similar results were also obtain by Villén-Altamirano and Villén-Altamirano
(1997) for their empirical method RESTART. Of course, these restricting require-
ments do not mean that the multilevel splitting and the RESTART techniques
can not be used for rare event estimation in complex high dimensional dynam-
ical systems. However, in this case we do not know anything about the choice
of number of splittings and we also do not know how the rate of convergence of
these approaches depends on the number of splittings. For RESTART we do not
even know if there is convergence at all. This is much worse than not knowing
the rate of convergence.

Interacting Particle Systems Approach

Another group of multilevel splitting techniques has been recently studied
by Cérou et al. (2002); Del Moral (2004); Cérou et al. (2005); Le Gland and
Oudjane (2005, 2006); Krystul and Blom (2005b, 2006); Del Moral and Lezaud
(2006). These new splitting techniques are based on the well developed theory of
branching and interacting particle systems (IPS) approximations of Feynman-Kac
formulae (see (Del Moral, 2004)). The advantage of the IPS based approaches is
that the existing precise and general results can be extended to the rare event
analysis. In what follows we describe the idea behind the classical IPS approach
of Cérou et al. (2002).

Let us denote E/ = R™, and let &’ be the Borel o-algebra of E’. Recall
that we consider the diffusion process described by SDE (2.3.6). It starts in a
Borel set Dy and, like in classical multilevel splitting, before hitting the target
set D it has to pass through a sequence of nested Borel sets (2.3.8). To capture
how {X;} enters each nested set D = D,,, C --- C D; before finally hitting the
target set D, we introduce the discrete time process {{x,k = 0,1,...,m} with
values in space E’ defined by & £ (X, a7). By the strong Markov property of
{X:}, the process {&x,k = 0,1,...,m} is a Markov chain with transition kernel
2(£,d¢") = P&, € d€'|€k—1 = £). Now let us define the following conditional
probabilities:

’R’k(B) ép(fk €B|T1 <T,...,7g §T),
pe(B) £ P& € Bl <T,...,1-1 <T),
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for any B € &'. It is easy to see that

pe(B) = | 2(& B)mi—1(d€) for all B € &', (2.3.10)
E‘/
1 d
me(B) = J Leeniy el 5), for all B € &, (2.3.11)
Je Ligrenypi(dg)
and
w2 P < T <7) = [ Leepamldo) (2.3.12)
E‘/
Recall that we want to estimate

Ppit(0,T) = H Vee- (2.3.13)
k=1

The evolution of the flow {7, pr, yx; k = 0,1,...,m} is described by the following
diagram:

prediction conditioning
Th—1 P.. ———— Tk
Tk

with initial condition my(d§) = Pg,(d€) = P (& € d€). In that way, each of the
m terms 7 in (2.3.13) is characterized as a solution of a sequence of Equations
(2.3.10)-(2.3.12).

The IPS approach is based on the idea to approximate the flow

{7k, ks Y6k = 0,1,...,m} by an approximating sequence {W,iv”,piv",'y,i\["; k=
0,1,...,m} which is described by the following diagram
N, prediction N, conditioning N,
Te—1 pf Tk
N
Vi r
with initial condition N
N 1
mo~ M = 5 DOy
Pi=1
and approximations
1 &
A D DL
P iz
i=1
~ NP — 1
T =T = TN, > Sy
;"] =%,
i€l
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in the form of the empirical measures associated with the particle system {t}'€7 5};};\21,
where N, denotes the number of particles, I,iv‘” ={1<i<N,:& € Dy} is the
set of the labels of the particles having succeeded to reach the k-th level set Dy
and |1 ,iv | denotes the cardinal number of the set I,iv ?. Each particle is a pair

consisting of time index tx £ 7. AT and state I

The approximation procedure goes as follows. At ¢ = 0 we start with the
empirical measure

NP
N, 1
™=y ; O}

where {fé}f\f:pl are independent samples from initial distribution P (-). From

t = 0 to 71, and from 7;_; to 7 each particle evolves stochastically according
to Equation (2.3.6) with initial condition (¢},_,,&}_,) (prediction step) until it

reaches the next level set Dj, or the final time 7. Let {f}c,f,’c}fipl denote the
values of the particles after the k-th prediction. Then the empirical distribution
pkN” associated with the predicted cloud of particles is:

Np
N, 1 A
P —FPZ;(S{E:;}'

The particles which do not reach the set D before time T' are deleted, and the
labels of particles that have reached Dy are saved in the set I ,iv ?. Then

N,
Np |Ikp|
T = e
Np

If all particles become deleted, i.e. 'y,iv" = 0, then the algorithm is stopped and

Pp;+(0,T) ~ 0. The empirical distribution 71']1:[" associated with the measurement
updated cloud of particles is:

N 1
7Tkp = Tp Z 6{ézk}7 (2314)
|Ik; | . Np
i€l
with 5 N
& =&, i=1,...,N,.
Particles having reached the set Dy are used for a resampling step. We resam-
ple with replacement IV, independent particles according to empirical measure

(2.3.14). After this step we again have N, particles {tz,«fi}fv:pl at level Dy. Next,
set k£ := k + 1 and repeat the same simulation procedure iteratively until the
target set D is reached. For k = m we have

Puir(0.7) = T %"
k=1
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n (Cérou et al., 2002) it is proven that the particle estimates are unbiased,
ie.

m
H "] = Pty < T) = Por(0,T)
and the rate of convergence is of order /N, :

([ L0 - TToer) " = 5

finite constants a4 and b, depend only on the parameters ¢ and m respectively.
This means that by running the IPS algorithm many times (let us say N
times) and by taking the sample average of random independent realizations of

Z =1, fy,iv” we obtain an unbiased and consistent estimator of Py;(0,T):

Pt (0,7) ZZZ
it converges a.s. to Pp;+(0,T) as N — oo, by the strong law of large numbers.

2.3.3 Numerical example: IPS for diffusion

To illustrate the whole potential of the IPS simulation method we apply it to a
special test example for which we know the exact analytical solution. We consider
the Geometric Brownian motion process driven by the following SDE:

2
AX, = (n+ ) Xt + 0 X,dWe, Xo = (2.3.15)

where 1 and o are strictly positive constants. We want to estimate the probability

that process {X;} will hit barrier d before time T, i.e. P(1q < T) where 74 2
inf{t > 0: X; € [d,+00); Xo = x}. Although the above model is rather simple,
it allows us to check the IPS method accuracy. This is possible thanks to the
following analytical formula (Tuckwell and Wan, 1984):

t n T —(n xTr) — 2
Pz | B (2

Before starting the simulations we should define the nested sequence of sets: D =
D,, C --- C Dy. For {Dj, j = 1,...,m} we choose an increasing sequence of
real numbers {d;, j =1,...,m}, with 0 < dy < -+ < dpm—1 < dpp, = d and take
D; = [dj,+o0). In our example we choose numbers d; experimentally so that
approximately 40% — 50% of particles started at level D;_; manage to reach level
Dj, j=1,...,m. In Figure 2.1(a) we see the probability P(ry < T') as a function

(2.3.16)
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of d. The blue curve with squares is the numerically computed theoretical value,
and the red curve with asterisks is the Monte-Carlo simulation result, with 1000
runs of 1000 particles each:

1000
1

_— AR
1000 —

Prit(0,T) ~

where Z* denotes the i-th independent realization of random variable Z = [];-, y,iv”.
We use the Euler scheme with 500 discretization time steps. The parameters of
Geometric Brownian motion process are p = 1, 0 = 1 and Xy = 1. The largest
value of d was 3550. This means that the probability for the process started at
Xo = 1 to reach the desired level is approximately 6.48 x 1073, so a standard
Monte Carlo approach would not be practical. From Table 2.1 or Figure 2.1(b)
we can see that the method works quite well; the relative error is less than 60%.
We still get quite satisfactory results even with a fewer number of simulation runs.
We repeat the above example with the same parameters, but instead of 1000 runs
with 1000 particles now we run only 100 with 1000 particles. The results can be
seen in Figure 2.2 and in Table 2.2.
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— B~ Analytical solution
10 —#— IPS algorithm 1

|
@

Probability
5
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(a) Probability to hit barrier d before time 7' = 1. 1000 runs with 1000 particles

Relative error

0 500 1000 1500 2000 2500 3000 3500 4000
Target Barrier, d

(b) Relative error

Figure 2.1: Simulation results: (a) Probability to hit barrier d before time T' = 1.
1000 runs with 1000 particles; (b) Relative error
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Table 2.1: Probability to hit barrier d before time 7" = 1. 1000 runs with 1000

particles
Target | Level’s | Probability to | Probability to | Relative
Level, | number, | hit barrier d; | hit barrier d; Error
d; J Analytical IPS algorithm
5 2 0.38448 0.372872 0.03
70 12 0.00095 8.01E-04 0.16
215 19 1.05e-05 8.29E-06 0.21
295 21 2.38E-06 1.77E-06 0.26
490 26 1.78E-07 1.41E-07 0.21
740 31 1.80E-09 1.36E-08 0.25
1070 36 2.02E-09 1.32E-09 0.34
1415 40 3.51E-10 2.25E-10 0.36
1805 45 7.19E-11 3.92E-11 0.45
2515 51 7.55E-12 3.87TE-12 0.49
2850 54 3.14E-12 1.55E-12 0.51
3550 58 6.48E-13 2.17E-13 0.67
Table 2.2: Probability to hit barrier d before time 7" = 1. 100 runs with 1000
particles
Target | Level’s | Probability to | Probability to | Relative
Level, | number, | hit barrier d; | hit barrier d; Error
d; j Analytical IPS algorithm
5 2 0.38448 0.374263 0.03
70 12 0.00095 7.99E-04 0.16
215 19 1.05e-05 8.43E-06 0.20
295 21 2.38E-06 1.88E-06 0.21
490 26 1.78E-07 1.27E-07 0.28
740 31 1.80E-09 1.01E-08 0.44
1070 36 2.02E-09 1.21E-09 0.40
1415 40 3.51E-10 1.05E-10 0.70
1805 45 7.19E-11 7.30E-11 0.02
2515 51 7.55E-12 1.16E-11 0.54
2850 54 3.14E-12 4.67E-13 0.85
3550 58 6.48E-13 2.52E-13 0.61
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(a) Probability to hit barrier d before time T' = 1. 100 runs with 1000 particles
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Figure 2.2: Simulation Results: (a) Probability to hit barrier d before time T' = 1.
100 runs with 1000 particles; (b) Relative error

26



CHAPTER 2. BRIEF OVERVIEW OF MONTE CARLO TECHNIQUES
FOR ACCIDENT RISK ASSESSMENT

2.4 Concluding Remarks

In this chapter we have discussed the problem of accident risk assessment in sto-
chastic dynamical systems, using relative position/velocity equations in ATM.
We have explained that collision risk in ATM coincides with hitting probability
in stochastic analysis. In case when the dimension of stochastic process describ-
ing the dynamical system is at most three, then the hitting probability can be
numerically evaluated through solving a backward Kolmogorov PDE with Dirich-
let type boundary conditions. For complex real-world applications Monte Carlo
simulation remains the only feasible approach. Of course, it is unrealistic to esti-
mate extremely small rare event probabilities just by using a naive Monte Carlo
simulation. When the extremely small probabilities are considered, one has to use
special techniques which allow to speed up the simulation. Importance sampling
and multilevel splitting methods have been used to obtain dramatic improvements
in efficiency in estimating small probabilities in queueing and reliability systems.
However, these two methods have serious drawbacks. The importance sampling
techniques, based on changing probability distributions to make rare events less
rare, depend critically on the ability to find the right change of measure. Finding
the right change of measure in complex dynamical models is practically impos-
sible. The efficiency of multilevel splitting techniques depends on the choice of
the level sets and especially on the optimal number of splittings. Too many
splittings results in explosive computational requirements, and too few splittings
provides no speed-up gains over straightforward Monte Carlo simulation. So far,
the theoretical results regarding the optimal choice of splittings have been ob-
tained only for very simple cases (Glasserman et al., 1999; Villén-Altamirano and
Villén-Altamirano, 1997). On the other hand, the IPS based approaches do not
have such restrictive limitations as do multilevel splitting techniques have. More-
over, the IPS approaches have the advantage of being based on sound theory with
many general results available such as proof of convergence and error estimates
(Del Moral, 2004). Our numerical test of IPS approach showed that it has a
great potential. In Chapter 5 we will extend it to a Hybrid IPS approach which
is aimed for efficient estimation of rare event probabilities in stochastic hybrid
systems with rare switches and large differences in mode probabilities.
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Chapter 3

(eneralized stochastic
hybrid processes as strong
solutions to stochastic
differential equations

3.1 Introduction

In a series of recent studies by Blom (2003); Blom et al. (2003b); Ghosh and
Bagchi (2004) and Krystul et al. (2006), several distinct classes of stochastic
hybrid processes have been developed as solutions of SDE on hybrid state spaces.
These classes have different modelling power and cover a wide range of interesting
phenomena (see Table 3.1), though, all they contain, as a subclass, the switching
diffusion processes of Ghosh et al. (1997). The entries in Table 3.1 have the
following meaning:

e Switching diffusion: between the random switches of the discrete valued
component, the Euclidean valued component evolves as diffusion.

e Random hybrid jumps: simultaneous and dependent jumps and switches of
discrete and Euclidean valued components are driven by a Poisson random
measure.

e Boundary hybrid jumps: simultaneous and dependent jumps and switches
of discrete and Euclidean valued components are initiated by boundary hit-
tings.

e Martingale inducing jumps: the Euclidean valued components driven by a
compensated Poisson random measure may jump so frequently that it is no
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longer a process of finite variation.

e Mode dependent dimension: the dimension of the Euclidean state space
depends on the discrete valued component (i.e. the mode).

Table 3.1: Classes of stochastic hybrid processes

Switching | Random | Boundary Martingale Mode
Diffusion Hybrid Hybrid Inducing dependent
Jumps Jumps Jumps dimension
Blom (2003)
v v - - -
Ghosh and Bagchi (2004)
Blom et al. (2003b)
v v v - -
Krystul et al. (2006)
Ghosh and Bagchi (2004) v - v - v
Krystul et al. (2006) v v - v -

Blom (2003) studied the jump-diffusion SDE of Lepeltier and Marchal (1976)
driven by Brownian motion and Poisson random measure. He placed the SDE
of Lepeltier and Marchal (1976) on a hybrid state space and showed that strong
uniqueness and existence, semimartingale and Markov properties identified by Le-
peltier and Marchal (1976) carry over to the resulting stochastic hybrid process.
This process includes diffusion, independent random jumps and switches of Euclid-
ean valued and discrete valued components, and also the hybrid jumps. Hybrid
jumps are special types of jumps where discontinuity in the Euclidean valued
process components happens synchronous with a discontinuity in the discrete val-
ued process component. The proof of the strong Markov property by Lepeltier
and Marchal (1976) was sufficient to be carried over to the hybrid state space sit-
uation considered by Blom (2003), however it did not carry over to the stochastic
hybrid processes with instantaneous jumps at the boundaries considered by Blom
et al. (2003b).

Ghosh and Bagchi (2004) have developed two extensions to the switching dif-
fusion model of Ghosh et al. (1997). Their first model, just as the model of Blom
(2003), includes diffusion, hybrid jumps and independent jumps and switches
of Euclidean valued and discrete valued components. The second model is the
switching diffusion with instantaneous jumps at the boundaries and with possi-
bility to reset dimensions of the hybrid state space after the jump. To prove the
existence and uniqueness theorems for both models Ghosh and Bagchi (2004) used
the method from (Tkeda and Watanabe, 1989). However, it has not been clarified
if the strong Markov property holds and if the solutions are semimartingales or
not.

The aim of this chapter is to significantly further the study of SDE on a hy-
brid state space, including characterizations of their solutions in terms of pathwise
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uniqueness, semimartingale and strong Markov process properties. First, using
(Gihman and Skorohod, 1982; Jacod and Shiryaev, 1987), we identify and charac-
terize a very general class of jump-diffusions which are defined as semimartingale
solutions of SDE. From this point on we follow a similar path as taken by (Blom,
1990, 2003) in transferring this pathwise uniqueness and semimartingale under-
standing to the class of stochastic hybrid processes. This subsequently allows
to incorporate instantaneous jumps at a boundary within the same framework
including pathwise uniqueness and semimartingale property. Finally we prove
the strong Markov property for the stochastic hybrid process with instantaneous
jumps at a boundary by considering it as a concatenation of killed strong Markov
processes. To prove that this concatenation forms a strong Markov process we
follow a novel and mathematically constructive approach.

This chapter is organized as follows. Section 3.2 provides a brief introduction
to semimartingales. Section 3.3 presents the existence and uniqueness results
for R"-valued jump-diffusions. Section 3.4 extends these results to hybrid state
processes with Poisson and hybrid Poisson jumps. In Section 3.5 we characterize
a general stochastic hybrid process which includes jumps at the boundaries. Sec-
tion 3.6 presents a comparison of different stochastic hybrid models. Finally, the
Markov and the Strong Markov properties for a general stochastic hybrid process
are shown in Sections 3.7 and 3.8.

3.2 Semimartingales and characteristics

In this section following (Jacod and Shiryaev, 1987) we provide basic results con-
cerning semimartingales, their canonical representation and their relation with
the large class of SDE to be studied in this chapter.

Throughout this chapter we assume that a probability space (2, .%#,P) is
equipped with a right-continuous filtration (.%;);>0. The stochastic basis
(Q, Z,(#i)t>0, P) is called complete if the o-algebra # is P-complete and if every
Z contains all P-null sets of .%. Note that it is always possible to “complete” a
given stochastic basis, if it is not complete, by adding all subsets of P-null sets to
Z and %;. We will therefore assume throughout this chapter that the stochastic
basis (Q,.Z, (%1)i>0, P) is complete.

The predictable o-algebra is the o-algebra & on ) x R that is generated by
all left-continuous adapted processes (considered as mappings from 2 x R, into
some set ). A process or random set that is &-measurable is called predictable.

Definition 3.2.1. The canonical setting. 2 is the “canonical space” (also
denoted by D(R™)) of all cadlag (right-continuous and admit left hand limits)
functions w : Ry — R™; X is the “canonical process” defined by X;(w) = w(t);
S = o(Xp); finally (F,);>0 is generated by X and ., by which we mean:

(1) Ft =Nyst F2 and F) = AV o(X, : 7 < s) (in other words, (F)i>0 is
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the smallest filtration such that X is adapted and S C %p);
(i) F = Fou (=, F2).

Throughout this chapter we assume that canonical setting of Definition 3.2.1
is in force. The R"-valued cadlag stochastic process {X;} defined on a probability
space (Q, F, (Fi)t>0, P) is a semimartingale if X; admits a decomposition of the
form

Xi=Xo+ A +M;, t >0, (3.2.1)

where X is a finite-valued and .#y-measurable, {A;} € ¥™ is a process of bounded
variation, {M;} € A, is an n-dimensional local martingale starting at 0, and
for each t > 0, A; and M, are .#;-measurable. Recall that {M;} € .#]". if and
only if there exists a sequence of (.#;);>o-stopping times (73 )k>1 such that 75, T oo
(P-a.s.) for k — oo and for each k > 1, the stopped process

{M*} with M* = Minq,, k> 1, (3.2.2)
is a martingale:
E|M{*| < oo, E[M{* | F] = M]* (P —as.), s < t. (3.2.3)

Denote by 11 = p(w; ds, dx) the measure describing the jump structure of { X;}:

p(w; (0,8] x B) = Y Tpiax.wyeny W), t >0, (3.2.4)

0<s<t

where B € Z(R™ \ {0}), i.e. the o-algebra of Borel sets on R \ {0}, AX,; =
X=X, and I{,:ax, (w)eB} (W) is the indicator function of set {w : AX(w) € B}.
By v = v(w; ds, dz) we denote a compensator of u which is a predictable measure
(unique up to a P-null set) with the property that u — v is a local martingale
measure. This means that for each B € Z(R™\ {0}) :

(1(w; (0,] x B) — v(w; (0,t] X B))i>0 (3.2.5)

is a local martingale with value 0 for ¢ = 0.

A semimartingale {X;} is called special if there exists a decomposition (3.2.1)
with a predictable process {A4;}. Every semimartingale with bounded jumps
(JAX (w)| < b < oo,w € Q,t > 0) is special (see Jacod and Shiryaev, 1987,
Chapter I, 4.24).

Let h be a truncation function, i.e. AX;—h(AX;) # 0if and only if |AX| > b
for some b > 0. Hence

Xi= Y (AX, - h(AX,)) (3.2.6)

0<s<t
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denotes the jump part of {X;} corresponding to large jumps. The number of the
large jumps is a.s. finite on [0,¢], for all ¢ > 0, because for all semimartingales
(Jacod and Shiryaev, 1987, Chapter I, 4.47)

> (AX,)? < oo, P—as. (3.2.7)

0<s<t

The process {X; — )}t} is a semimartingale with bounded jumps and hence it is
special: B o
X — X, =Xo+ By + M, (3.2.8)

where {B;} is a predictable process and {]M,} is a local martingale. The “tilde”
above the process denotes the dependence on the truncation function h.
Every local martingale M; can be decomposed as:

M, = M{ + M{ (3.2.9)

where Mf is a continuous (martingale) part and J\Zd is a purely discontinuous
(martingale) part which satisfies:

M{ = / /h p(ds, dz) — v(ds,dz)). (3.2.10)

Note that the continuous martingale part My does not depend on h. By definition

of i and {X;} we have
X, = / / x— w(ds,dx). (3.2.11)

Consequently, substitution of (3.2.9) - (3.2.11) into (3.2.8) yields the following
canonical representation of semimartingale {X,}:

X, = Xo+ B+ M+ // wu(ds,dx)—v(ds,dx)) //x h(zx))u(ds, dz).

(3.2.12)
Next we may assume h(z) = - I, . |z<1}(z) and replace By by B;. Then (3.2.12)
takes on the form:

Xt =Xo + By + My + // wu(ds, dx) — v(ds, dz)) // w(ds, dx).
\z|<1 \z|>1
(3:2.13)

We denote by (Mf) the predictable quadratic variation of {M{}, hence (M £)? —
(M) is a local martingale.

We call the characteristics associated with h of the semimartingale {X;} (if
there may be an ambiguity on h) the triplet (By, Cy,v) consisting of:
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(i) A predictable process B; = (Bj)i<, in ¥, namely the process B, = B
appearing in (3.2.8);

(i) A continuous process Cy = (C}7); j<n in #™*" namely Cy = (Mf);

(iii) A predictable random measure v on Ry x R™, namely the compensator of
random measure p associated to the jumps of X by (3.2.4).

Definition 3.2.2. Jump diffusion. {X;} is called a jump diffusion on
(Q, 7, (F)i>0, P) if it is a semimartingale with the following characteristics:

Bi(w) = fg al(s, Xs(w))ds (= +o0 if the integral diverges)
CH(w) = fg B9 (s, Xs(w))ds (= +o0 if the integral diverges)
v(w;dt x dz) = dt x Ki(w, Xt(w), dzx)
(3.2.14)
where:

a:Ry xR* — R"” is Borel
G:Ry xR* — R™ x R™ is Borel, 8(s, ) is symmetric nonnegative
Ki(w,z,dy) is a Borel transition kernel from € x R"

into R"™,

with K¢(w,z,{0}) = 0.

Next, we relate the above with stochastic differential equations, partially fol-
lowing (Jacod and Shiryaev, 1987).

Let (2,7, (%#)t>0, P) be a stochastic basis endowed with:

(i) W = (W?");<m, an m-dimensional standard Wiener process (i.e., each W* is
a standard Wiener process, and the W*’s are independent);

(ii) p; are Poisson random measures on Ry xU with intensity measure dt-m;(du),
i =1,2; here, (U, %) is an arbitrary Blackwell space (one may take U = R
for practical applications), and m;, i = 1,2, is a positive o-finite measure on
U, % ; We denote the compensated Poisson random measure by g;(dt, du) =
pi(dt,du) — dt - m;(du), i =1,2.

Let us also be given the coefficients:

a=(a')i<n, a Borel function: R, x R" — R"
b= (bY)i<nj<m, a Borel function: Ry x R" — R" x R™

3.2.15
i<n a Borel function: Ry x R" x U — R", ( )

<
i<n a Borel function: Ry x R" x U — R".
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Let the initial variable be an .%j-measurable R"-valued random variable X,. The
stochastic differential equation is as follows:

dXt :a(t,Xt)dt+b(t,Xt)th+/ fl(t,Xt_,u)ql(dt,du)
U
—|—/f2(t7Xt,,u)p2(dt7du), (3.2.16)
U

Define two stochastic sets:

Dy = {(w,t) : pr(w; {t} x U) = 1},
Dy = {(w, ) : p2(w; {t} x U) = 1}.

If at least one of the Poisson random measures, p; or ps, has a “jump” at point
(t,u), then

AXi(w) = Ip, (w,t) - fr(t, Xi—(w),u) + Ip,(w,t) - folt, Xi—(w),u).

Next, let us assume that the following integrals make sense.

¢
/ la(s, Xs)|ds < oo, P-a.s. (3.2.17)
0
¢
/ / |f1(s, Xs—,u)|*dsmy (du) < oo, P-a.s., (3.2.18)
0o Ju
t
/ / | fo(s, Xs—, u)|p2(ds, du) < co, P-as., (3.2.19)
0o Ju

t
/ 6¥ (s, X,)|?ds < 00, P-a.s. for any i € {1,...,n},j€{l,...,m} (3.2.20)
0

for every t € Ry. By a solution to the SDE (3.2.16) we mean a cadlag %;-adapted
process {X;} such that the following equation is satisfied with probability one for
every t € Ry

¢ ¢ ¢
Xt:Xo+/O a(s,Xs)ds+/O b(s,Xs)dWSJr/O /Ufl(s,Xs_,u)ql(ds,du)
t
X, ds,du). (3.2.21
[ ] R X (s ). G221

If such process {X;} exists and conditions (3.2.17)-(3.2.20) are satisfied then it
is a semimartingale with the characteristics, associated with truncation function
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h=2x 1. |z<1}(z), given by (3.2.14), where

alt, X)) = [alt, Xu(w)) = [ il X (@) wyma(d)

[f1]>1
2(t, Xy (w),u)mao(du)|,
+/|f2|<1f( (). u)ms(du)
B(t, X (@) = b{t, X, @)V (¢, X, (),

Ki(w, Xt (w),A) = Ip,(w,t) - /UIA\{O} (fl(t, Xt,(w),u))ml(du)

+ID2(w,t)-/UIA\{O} (fo(t, Xi— (w), u))ma(du).

3.3 Semimartingale strong solution of SDE

3.3.1 Existence and uniqueness concepts

There are two important notions of the sense in which a solution to stochastic
differential equation can be said to exist and also two senses in which uniqueness
is said to hold.

Definition 3.3.1. Strong Existence. We say that strong existence holds if
given a probability space (2, Z, P), a filtration %;, an %#;-Wiener process W,
two %-Poisson random measures pi, p2, and an .Fp-measurable initial condition
Xy, then an .#-adapted process {X;} exists satisfying (3.2.21) for all t > 0.

Definition 3.3.2. Weak Existence. We say that weak existence holds if given
any probability measure n on R™ there exists a probability space (Q,.%,P), a
filtration %;, an .%;-Wiener process W, two .%;-Poisson random measures pq,
p2, and an F-adapted process {X;} satisfying (3.2.21) for all ¢ > 0 as well as
P(Xo € B) = n(B).

Strong existence of a solution requires that the probability space, filtration,
and driving terms (W, p1, p2) be given first and that the solution {X;} then be
found for the given data. Weak sense existence allows these objects to be con-
structed together with the process {X;}. Clearly, strong existence implies weak
existence.

Definition 3.3.3. Strong Uniqueness. Suppose that a fixed probability space
(Q,Z,P), a filtration (%;)i>0, an F,-Wiener process W, and two .%;-Poisson
random measures p; and po are given. Let {X;} and {X}} be two solutions of
(3.2.16) for the given driving terms (W, p1,p2). We say that strong uniqueness
holds if

P(Xo=X))=1= P(X, =X/ forall t >0) =1, (3.3.1)

ie. {X;} and {X[} are indistinguishable.

36



CHAPTER 3. GENERALIZED STOCHASTIC HYBRID PROCESSES AS
STRONG SOLUTIONS TO SDE

Remark 3.3.4. Since solutions of (3.2.16) are cadlag processes the requirement
(3.3.1) can be relaxed to:

P(Xo=X})=1= P(X; = X]) =1, for every t > 0. (3.3.2)

Definition 3.3.5. Weak Uniqueness. Suppose we are given weak sense solu-
tions

{(Q%, %, P), (Fit)t>0,{Xit}}, 1 = 1,2,

to (3.2.16). We say that weak uniqueness holds if equality of the distributions
induced on R™ by X; o under P;, ¢ = 1,2, implies the equality of the distributions
induced on D(R™) by {X;} under P;, i = 1,2.

Strong uniqueness is also referred to as pathwise uniqueness, whereas weak
uniqueness is often called uniqueness in (the sense of probability) law. Strong
uniqueness implies weak uniqueness.

3.3.2 Strong Uniqueness

In what follows we will state and prove strong existence and strong uniqueness
theorems for SDE (3.2.16), following (Gihman and Skorohod, 1982, pp.223-245).

We assume that Wiener process W and Poisson random measures p; and po are
mutually independent. Suppose {W;}, p1 and py are adapted to the given filtration
(F1)t>0. If T is a stopping time relative to %, and X is an .%, measurable random
variable, then we will be looking for an {.%; }-adapted process {X;}, defined for
t > 7, for which the following equation holds with probability 1

t t t
X, =X, +/ a(s, Xs)ds +/ b(s, Xs)dWs —|—/ / fi1(s, Xs_,u)q1(ds, du)
T T T JU

+/:/Uf2(s,Xs,u)p2(ds,du). (3.3.3)

If equality (3.3.3) holds for all ¢ € (7,¢), with ¢ another stopping time, { > T,
then we will say that {X;} is the solution of SDE (3.2.16) on interval (7,(), if
started at X.

Theorem 3.3.6. A solution of Equation (3.2.16) for any given Xg is strongly
unique if the coefficients of Equation (3.2.16) satisfy the following conditions:

(1) for each r > 0 there exist a constant l,., for which
|a(s,x) - G(S,y)|2 + |b(8,.’17) - b(87 y)|2
b [ 15100 = fals )P () < e -
U
forall|z| <r, |y <r, s <r.
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myéﬂm@xhwmwww<wpﬂa

(iii) ma(S,) < oo, where S, is the projection on space U of the support of func-
tion fQ('7 ) )

Proof. We fix some admissible filtration {.%;} and consider only .%;-measurable
solutions. Suppose 71 < 7o < ... are all jump moments of the Poisson process
p2(Su,[0,t]). Since it is a homogeneous process with parameter my(S,) < oo,
there will be only finite number of jumps on every finite interval. Let 79 = 0.
Note, that it suffices to establish the uniqueness of a solution of Equation (3.2.16)
on interval |1y, 7gy1], with assumption that X, is given. Then we establish
by induction that a solution of (3.2.16) is unique on any interval [0, 7], and
U[0, 7] = Ry. Suppose {X;} and {X;} are two solutions of (3.2.16) on [7%, Tr11),
for which X,, = YTk. For 7, <t < Tp41

t t

Xt:X‘rk"_/

Tk

a(s, Xs)ds +/

Tk

t
b(s,XS)dWS+/ /fl(s,Xs,,u)ql(ds,du),
T JU

(3.34)
since the last integral with respect to measure py in (3.3.3) will be equal to zero.
Similar equality holds for solution X;. Let ¢, = inf{t > 74, |X¢| + |Xs| > 7} A
r. Next, we provide the estimates of the right-hand side terms of the following
expression:

o tAC o
Xing, = Xing, = [ lals, X.) — als, X.)Jds

Tk

+ / (s, X) — b(s, )W

k

tAC
+/ [f1(s, Xo—,u) — fi(s, Xs_,u)]qi(ds,du). (3.3.5)

Tk

E(‘ /FZACT [a(s, Xs) — a(S,Ys)]dSﬁ«gm)

IAC: -
<1t — Tk)E(/ X, - X, Pds| 7, ).

Tk

| /T:ACT [b(s, X,) — b(s, X)|dWV, 2L%)

NG -
< lﬂlm]E(/ | Xs — Xs|2ds|ﬁ7k>,

Tk
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where n and m are the dimensionalities of X, and W correspondingly,

E(‘ /T:ACTV/U(fl(s,XS_,u) — Fi(8, X e, 1)) g1 (ds, du) 2|}}k)

NG _
ng(/ \XS—XS|2ds\ﬁTk),

Tk
(we have made use of the properties of stochastic integrals and conditions of the
theorem), then for some L (it is a .7, -measurable quantity) we have the following
estimate for expression (3.3.5):

NGy

B(|Xin, ~ Xunc, 1) < 18( |

X, = X, ds|. 7, ).
Tk
But then the following holds

t
E(| X — X¢|* I, 53| Fr) < L/ E(|Xs — X2 I{¢, 55} |- Fr, )ds. (3.3.6)

Tk

Hence, because of Gronwall’s lemma :
E|X, — X,|’I¢, 50 = 0.

Since If¢, >y — lasr — 00, Xy = X, for 7u <t < 741 It remains to show
that X-,,, = X,,,,. Suppose X; is a solution of (3.3.4). We have already shown
that it is unique. Now note, that solution of Equation (3.3.3) at point 7441 can
be expressed in terms of X} on [y, Tp4+1) in the following way:

* * ~
X‘fk+1 XT)C+17 +f2(7—k+17X'rk+lfvuk+1)

where g1 - such a point from U, that pa({lg4+1} X {Tk+1}) = 1. From the

coincidence of X, ., and X, ,,_ follows the coincidence X =X O

Tk+1 Tk+1"

It is easy to see from the proof of Theorem 3.3.6 that not only two solutions
of one equation coincide, but also solutions of two different equations with equal
initial conditions coincide as long as their coeflicients coincide. We formulate this
statement precisely, known as the theorem of local uniqueness.

Theorem 3.3.7. Suppose {X,} is a solution of Equation (3.2.21), and {X,} is
a solution of equation

t t
Xt:X0+/ &(s7X5)ds+/ b(s, Xo)dW,
0 0

//fl 5, Xoo,u)qa (ds, du) + //fz s, Xy, u)pa(ds, du).

If the conditions of Theorem 3.3.6 are satisfied and Xo = Xy, a(s, z) = a(s, ),
b(s,z) = b(s,z), fuls,z,u) = fr(s,z,u) given |z| < N, then X, = X, for s <7,
where 7 = inf{s : | X,| > N}.
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3.3.3 Strong Existence.

First, we state the classical existence results for the following equation (Gihman
and Skorohod, 1982):

¢ ¢ t
Xt:Xo—i—/ a(s,XS)ds—l—/ b(s,Xs)dWS—i—/ /fl(s,Xs,,u)ql(ds,du).
0 0 o Ju
(3.3.7)

Theorem 3.3.8. Assume that the coefficients of Equation (3.3.7) satisfy the
following conditions:

(i) a(s,0), b(s,0), [|fi(s,0,u)*m;(du) are locally bounded with respect to s,
(i) there exists increasing function l(s) such that
la(s, ) — a(s,y)[* + [b(s, z) — b(s,y)|*
+ [ 1810 = (s, (dn) < 166)fe -y
U
Let us denote by % the o-algebra generated by Xo, q1(ds, du), Wy with s < t. If

Xo is independent of W, q1(ds,du) and E|Xo|? < oo, then equation (3.3.7) has
F-measurable solution, moreover E|X;|? < co.

Theorem 3.3.9. Assume that for the coefficients of Equation (3.3.7) the follow-
ing conditions hold:
e )P+ bt 2)? + [ 1tz 0 Pm(de) < UL+ aP),
U
and for any r > 0 one can specify constant 1. such that
la(s, ) — al(s,y)|* + [b(s, z) — b(s, y)[*
4 [ (s = i) P () < o — o
U
for s < r, || < r, |yl < r. If Xo is independent of {Ws,q1(ds,du)}, and

o-algebras %, are constructed as in Theorem 3.3.8, then there exists an -
measurable solution of (3.3.7) for every t € R,..

Remark 3.3.10. Suppose {jt} is some admissible filtration, 7 is a stopping time
relative to this filtration. Let us consider the SDE for t > 7:

t

t
b(s7XS)dWs+/ /Uf1(s7XS,,u)q1(ds,du).
i (3.3.8)

t
X, =X, +/ a(s, Xs)ds +/
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Under conditions of Theorem 3.3.9, Equation (3.3.8) has #,-measurable solution,
no matter what the L?T-measurable variable X is. To prove this, it suffices to
consider the process X; which is a solution of the following equation

t t
X, = Xy +/ als +7,X)ds+ [ b(s+7,X)dW,
0 0

¢
—|—/ / fils+ 7, Xs—,u)g1(ds,du), (3.3.9)
o Ju
where
Wy=W(s+7) =Wy Gi([s1,52] x du) = q1([s1 + 7,52 + 7] X du). (3.3.10)

Obviously, W and g1 possess the same properties as W and ¢, and are indepen-
dent of .%,. Thus, for Equation (3.3.9), all derivations which were verified for
Equation (3.3.7), hold as well, if expectations and conditional expectations with
given X are substituted by conditional expectation with respect to o-algebra Fr.
Obviously, then X; = X,_, will be the solution of Equation (3.3.8).

Now we prove the existence theorem for general SDE (3.2.16).

Theorem 3.3.11. Assume that for Equation (3.2.16) the following conditions
are satisfied:

(i) The coefficients a, b, f1 satisfy the conditions of Theorem 3.3.9.
(i1) Xo is independent of {Ws, q1(ds,du), p2(ds,du)}.
(i3) Conditions (i) and (iii) of Theorem 3.3.6 are satisfied.

Let F; denote the o-algebra generated by Xo and {Ws, ¢1([0, 5], du),
p2([0,8],du), s < t}. Then there exists an Fi-measurable solution of equation
(3.2.16).

Proof. Let 11 < 79 < --+ < T, < ... denote all jump moments of the process
p2(Sy, [0,t]), (in other words these are the “growth” moments of the last in-
tegral term in (3.2.21)). Since p2(Sy,[0,%]) is a homogeneous Poisson process
with parameter mo(S,) < oo (condition (#i%)), then there will be only finite
number of jumps on every finite interval. It suffices to construct the solution
of Equation (3.2.16) on each interval [0,71), [T1, T2), -+ [TnsTnt1), --. Since
f: [ fa(s, Xs—,u)p2(ds,du) = 0 when ¢ € [, 7,41), then on each of the speci-
fied intervals equation (3.2.16) turns into equation of type (3.3.8), where 7 equals
0,71,72,... and so on. As it was pointed out in remark 3.3.10, there exists a
solution of this equation if X is %, -measurable. Let us prove that this is indeed
the case for the sequence of stopping times 7, 72,.... If 7 = 0, then X, is %#y-
measurable by definition of o-algebra .%#;. Suppose, that X, is %, -measurable.
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We will show that then X
of the following equation

rgpa Will be #. . -measurable. Let X' be the solution

t t

t
a(s,X:)ds—i—/ b(s,X;‘)dWs—i—/ /fl(s,X;L,u)ql(ds,du)
Tn JU

Tn

X;‘:X;Ln—s—/

Tn

for t > 7,. In consequence of Remark 3.3.10 such solution exists. Set X; = X}’
for t < 7,41. Let u, 1 be such a point in U that pa({Ty4+1} X {un+1}) = 1. Hence
Up+1 18 ., ,,-measurable. Now let us define X by the equality

n4+1 Tn+1

XTn+1 = X:_LnJrl_ + fZ(Tn-‘rla X77_Ln+1_, un+1). (3311)
Both summands in the right hand side of (3.3.11) are .%,  -measurable, i.e.
X7,y 18 Fr,, -measurable. Thus, we can successively construct .7;-measurable
process X;. In order to make certain that it is indeed a solution of (3.2.16), it

suffices to see that

Tn+1
fg(Tn+1,X;Ln+17,un+1):/ /f2(t7Xt7aU)P2(dt7dU)~
Tn U

O

Remark 3.3.12. The solution, whose existence was established in Theorem 3.3.11,
is unique. Indeed, by Theorem 3.3.6 we have that for any enlargement of the
initial probability space, any admissible filtration of o-algebras ﬁt, and any Zo-
measurable initial variable Xo, Z;-measurable solution of Equation (3.2.16) is
unique. Since %; C %, the solution X; constructed in Theorem 3.3.11 will be
also %;-measurable, and therefore, there will be no other .#;-measurable solutions
of Equation (3.2.16).

Remark 3.3.13. The solution constructed in Theorem 3.3.11 is fully determined
by the initial condition, Wiener process W and Poisson random measures p; and
po2, l.e. it is a “strong” solution (solution-process). Thus, Theorem 3.3.11 states
that there exists a strong solution of Equation (3.2.16) (strong existence), and
from the remark 3.3.12 it follows that under conditions of Theorem 3.3.11 any
solution of (3.2.16) is unique (strong uniqueness).

Remark 3.3.14. Under the conditions of Theorem 3.3.11 the solution of SDE
(3.2.16) admits the decomposition (3.2.1) with

t t
A= [Cats s+ [ [ fatsi X ulpads, du) € 97,
0 0 U

t t
M, = / b(s, Xs)dWs +/ / fi(s, Xs—,u)q1(ds, du) € A},
0 o Ju

hence it is a semimartingale.
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3.4 Stochastic Hybrid Processes as Solutions of
SDE

3.4.1 SDE on hybrid state space

In this section we construct a switching jump diffusion {X;,0;} taking values
in R™ x M, where M = {e1,e2,...,en} is a finite set. We assume that for each
i=1,...,N,e; is the i-th unit vector, e; € RY. Let { Xy, 6;} be an R" x M-valued
process given by the following stochastic differential equation of Ito-Skorohod

type.

dXt = G,(Xt, Ot)dt + b(Xt, 9t)th + /

, g1 (X, 01—, u)qr (dt, du) (34.1)
R

+/dgQ(Xt—70t—7u)p2(dtadu)7

R

d@tz/ (X, 0, u)pa(dt, du). (3.4.2)
Rd

Here:

(i) for t =0, Xj is a prescribed R"-valued random variable.
(ii) for t =0, 6y is a prescribed M-valued random variable.
(iii) W is an m-dimensional standard Wiener process.
)

(iv) q1(dt,du) is a martingale random measure associated to a Poisson random
measure p; with intensity dt x mq(du).

(v) p2(dt,du) is a Poisson random measure with intensity dt x ma(du) = dt x
duy x Ji(du), where fi is a probability measure on R4~1, u; € R, u refers to
all components of u € R? except the first one.

The coefficients are assumed to be measurable.
a:R"xM—R"
b:R™ x M — R™*™
g1 :R" xM x R? - R"
g2 : R" x M x R* - R"
c:R* x M x R? — RV,
Function ¢(+, -, -) is defined by

C(J? o u) _ e; — e ifu; € (Zj_l(l‘, Gi)7 Zj(z7 ei)]’ (3 A 3)
Y 0 otherwise . =
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Function ga(+, -, -) is defined by

(3.4.4)

GReE f X ) i72' IR AP
g2(x, e, u) = o(z,e5,e5,u) i 6'( j—1(z,e;),X;(z, e;)]
0 otherwise .

The measurable mappings ¥ : R* xM — Ry, &k = 1,2,..., N determine the
actual switching and jump rates of {6;} and {X;} components:

Z?Zl Az, ei,e5) k>0,

Yi(z,e) = {O k=0, (3.4.5)

here A : R” x M x M — R, is a measurable mapping. Measurable function
¢ : R" x M x M x R¥~1 — R"™ determines the size of jumps of {X;}. Let Uy
denote the projection of the support of function ¢(-,-,-,-) on space U = RI~1,
The jump size of X; and the new value of #; at the jump times generated by
Poisson random measure ps are determined by the functions (3.4.3) and (3.4.4)
correspondingly. There are three different situations possible:

(i) Simultaneous jump of X; and 6,

c(u) #0  ifu € (B-1(x,e),8(x,e)], i, =1,...,N and j # i,
g2(,u) #0 ifu € (E1(m,e),55(z,e)], 4,5 =1,...,N and u € Up.

(ii) Switch of 6; only

c(yu) #0  ifu € (Bj-1(x,e),8(x,e)], i, =1,...,N and j # i,
gg(', ',’U,) =0 if uy € (Zj,l(x,ei),Zj(m,ei)], i,j =1,.. .,N and u §é Uy.

(iii) Jump of X; only

(-, u) =0 ifu € (B_1(z,e5),8(x,e5)], j=1,...,N,
g2(-,u) #0 ifu € (E-1(,e5),E5(z,e5)], 5 =1,...,N, and u € Up.

We make the following assumptions on the coefficients of SDE (3.4.1)-(3.4.2).
(A1) There exists a constant [ such that for all t =1,2,..., N
la(z, en)|* + [b(z, e))|* + /Rd l91(x, €5, w)[Pma(du) < UL+ |af?).
(A2) For any r > 0 one can specify constant [, such that for all i =1,2,..., N
la(z, ) — aly, e:)|* + b(w, &) — by, e;)
+ /Rd |91 (2, €5, u) — g1(y, eq, w)|Pma (du) < 1|z —y|?
for |x| <7, |y| < 7.
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(A3) Function c satisfies (3.4.5), (3.4.3) and for ¢,j = 1,2,..., N, A(, e;,¢e;) are
bounded and measurable, A(-,e;,e;) > 0.

(A4) Function g satisfies (3.4.5), (3.4.4) and forallt >0,4,j=1,...,N
¢
| [ 16aeies wlpatas.dn) < oo, Pras
0 Jre

3.4.2 Strong existence and uniqueness

Theorem 3.4.1. Assume (A1)-(A4). Let p1,p2, W, Xo and 6y be independent.
Then SDE (3.4.1)-(3.4.2) has a unique strong solution which is a semimartingale.

Proof. The switching jump diffusion { X, 6;} governed by Equations (3.4.1)-(3.4.2)

can be seen as the R"*"-valued jump diffusion {&} 2 {(X,0,)T} governed by
the stochastic differential equation

dg; = a(&)dt + b(§)dW: + /IR N wan(dt, du) + /R o uw)pa(dt, du)

(3.4.6)
with the following coefficients:
a: RN o RN a(-) = [a(),OM)"
. RN _, ROHN)xm B(:) 2 [b(-), 0N *mT
Fi RN RE RN Fil) 2 gi(, ), ONT
fr : RV xR - RN Fa() & [g2(ey) e, )]

where by OF and O*** we denote the k-dimensional zero vector and k X s-
dimensional zero matrix correspondingly.

Next we show that conditions (A1)-(A4) together with (3.4.5), (3.4.3), (3.4.4)
imply the conditions of Theorems 3.3.6 and 3.3.11 thus the Equation (3.4.6) has
an a.s. unique strong solution which implies that SDE (3.4.1)-(3.4.2) has an a.s.
unique strong solution.

Let us verify all conditions.

Growth condition: by (A1) for every ¢ = (z,¢;,)T € R"™N i =1,..., N we have

AOF + BOF + [ |16 wPms ()
— la(e. i)+ bla e + [

| f1(z, eq, w)[>my (du)
]Rd

= la(z, e)|* + [b(x, e5)* + /d l91(, €4, u) *ma (du)
R

<UL+ [2?) <UL+ |z + les]®) = 1L+ [¢]?).
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Lipschitz condition: From (A1) and (A2) it follows that for any r > 0 one can
specify a constant L, such that for all £ = (z,¢;)T € R"*N, (= (y,e;)T € R*HN
i,j=1,...,N,and for |z| <7, |y| <r,ie [£] <VrZ+1,|¢| < VrZ+ 1, we have
) = (OF + 6O = O + [ | 1Fi6.w) = (€. P (du)
= la(z,e:) — a(y, e;)* + [b(z, ;) — by, e;)|*
[ lntaei - 5,0 )
< 2(la(z, &) — aly, e;)” + [b(z, &) — by, e;)|?
+ [ lonees) = (s P ()
+la(y, e5) — a(y, ¢;)* + by, e:) — b(y, ;)|
+ [ o) = e 0P (d)

2(lr|33 —y)* + 4(Ja(y, ei)” + by, e)|* + /Rd |91 (y, ei, w)[*my (du)))
<2(Lfz —yP+ 41+ [y?) <2(l|z —yl> + 41 +1?))
=2(lrx =yl + 200 +r?)es — ¢;°) < Li(lz = yl* + lei — ¢5]°) = Lo|€ = ¢J%,
where L, = maz(2l,,41(1 +1?)).

Let S be the support of f and S, = Sy, % S, be the projection of S on
U = R%. By (A3), (A4) and the fact that i is a probability measure, we have
that ma(Sy) = mr(Sy,) - f(Sy) < oo, where my, is the Lebesgue measure.

By (A4) and definition of function ¢ we have that for all¢ >0,i=1,...N

t
/ / | fa(x, €5, u)|p2(ds, du) < 0o, P-a.s.
0o Jre
We have shown that coefficients of Equation (3.4.6) satisfy the conditions of
Theorems 3.3.6 and 3.3.11, thus Equation (3.4.6) (correspondingly (3.4.1)-(3.4.2))
has an a.s. unique strong solution.

It is clear that under conditions of the theorem the solution {&} = {(X;,6;)T}
admits the decomposition (3.2.1) with

t t
At:/o d(fs)der/O /Ufg(fs_,u)pg(ds,du) ey,
t t
Mt :/0 E(Es)dWs+A /Ufl(gs—au)q1(dsadu) 6%20

hence it is a semimartingale. O
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Following Blom (2003), one can show that solution of (3.4.1)-(3.4.2) is indis-
tinguishable from the solution of the following set of equations:

N
by = (e — 0, )pa (dt, (Sio1(Xy—, 0,-), Di( Xy, 0, )] x RTY) 0 (3.4.7)
=1
X, = a(Xy, 00)dt + b(Xy, 00)dW, + / 0 (KXo b w)q(dt,du)  (3.48)
Rd

+ /d (b(tha 07577 eta y)pQ (dt7 (Oa 2]\7 (tha etf):l X dg) .
R

Corollary 3.4.2. Assume (A1)-(A4). Let p1,p2, W, Xo and 0y be independent.
Then SDE (3.4.7)-(3.4.8) has a unique strong solution which is a semimartingale.

Proof. The proof consists of showing that the solution of (3.4.7)-(3.4.8) is indis-
tinguishable from the solution of (3.4.1)-(3.4.2). Subsequently Corollary 3.4.2 is
the consequence of Theorem 3.4.1.

Indeed, rewriting of (3.4.7) yields (3.4.2):
N

dby = (ei — 0 )pa (dt, (Si—1(Xi—, 0:2), Si (X, 0, )] x RO

i=1

N
= /d Z(ei =0t ) (s, (Xi_ 0, ),5: (X 0,y (u1)p2(dt, duy X du)
R =1
:/ (X, 0, u)p2(dt, du).
Rd

Next, since the first three right hand terms of (3.4.8) and (3.4.1) are equal, it
remains to show that the fourth right hand term in (3.4.8) yields the fourth right
hand term in (3.4.1) up to indistinguishability:

J ¢(Xt77 9t77 9t7ﬂ)p2 (dt7 (07 EN(thv etf):l X dﬂ)
R
= /( - A( X, 00—, 0, u) 0,54 (X, 0,y (u1)p2(dt, duy x du)
0,00 -

:/ ¢(Xt770t779t7g)><
(0,00) JRA-1

N
X I(s, (X 00 )Xo 0,1 (W1)p2(dt, duy X du)
=1
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N
- /(0 ) /l%d—1 Z [¢(Xt_7 et_, 0t7ﬂ)x

=1
X L5, 1 (X 00 )5 (X 00 (1) | p2(dt, duy X du)

N
= Xy_ 0,0, + A0
/(VO,OO) /Rd—lg[é( t—yVt—, Ut —+ t;H)X

X L5y (X 00 )5 (X 00 (1) | p2(dt, duy % du)

N
S N B S CC RUSTSNEEV RS

i=1

X L5 (X0 00 )5 (Xo 0,y (U1) | p2(dt, duy x du)

N
- /(0 )/Rdl Z [QS(Xt_,Gt_,ei’Q)X

=1
X L5, 1 (X 002 ),5 (X 00 (1) | p2(dt, duy X du)

= /d 92 (Xt—7 0., U)p2 (dt, du)
R
This completes the proof. 0

Remark 3.4.3. We notice the interesting aspect that the presence of 6; in ¢ (Equa-
tion (3.4.8)) explicitly shows that jump of {X;} depends on the switch from 6;_
to 0y, i.e., it is a hybrid jump.

3.5 Instantaneous hybrid jumps at a boundary

Up to now we have considered R™ x M-valued processes the jumps and switches
of which are driven by Poisson random measure. In this section we will consider
R™ x M-valued processes which also have instantaneous jumps and switches when
hitting boundaries of some given sets. In order to simplify the analysis we assume
that the purely discontinuous martingale term is equal to zero (i.e. we take
g1 =0).

Suppose we have a collection of N, open connected sets E? C R™, with bound-
aries OF', i =1,2,...,Ny. Let

Ny
E={z|z € FE, forsornez':l,...,Nb}:LJEi7
i=1

Ny
OFE = {x|z € OE", for somei=1,..., Ny} = UaEi.
i=1
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The interior of the set E is the jump “destination” set. Similarly as in (Blom et
al., 2003b, pp. 38-39) we consider an increasing sequence of stopping times

ELinf{t >rF,: XFecOE}, (3.5.1)
& 20, (3.5.2)
k=1,2,..., (in order that this sequence of stopping times is well defined we need

additional conditions which we provide later) and a sequence of jump-diffusions
{XP s t>7F 1}, n=1,2,..., governed by the following SDE (in integral form):

t t
Xp =X +/E (Xg,eg)ds+/E bXT,0MdW,  (3.5.3)
T'n— Tn—l

t
+/ / g2(X:7302—7u)p2(d87du)7
TE R4

or =0 / /R (XI 0 u)pa (s, du), (3.5.4)

X:;rl =49 ( -,—Evg-rEvﬁTf)» (355)
9"+1 ( TE7 TE7/BT ) (356)
g* OE XM xV —R", (3.5.7)
¢ OExMxV =M, (3.5.8)

and {8t € [0,00)} is the sequence of V-valued (one may take V = R9) i.i.d.
random variables distributed according to some given distribution. The initial
values X} and 6} are some prescribed random variables.

We define the process {X¢,0;} as follows

Xi@) = S XL ) ) ®
0w) = LB () ) ®

provided there exist solutions { X7, 67} of SDE (3.5.3)-(3.5.6). On the open set E,
process { Xy, 0;} (provided it exists) evolves as a switching jump diffusion (3.4.1)-
(3.4. 2) At times Tk jumps and switchings are determined by the mappings g*
and ¢’ correspondingly, i.e. X_ = #X, B and possibly 6. = #0, B

(3.5.9)

In order that the sequence of stopping times (3.5.1) is Well deﬁned and 7F <
P <. <t <. and 7F 1 0o as. as k T oo, we need the following assump-
tions.

(B1) Function go, defined by (3.4.4), in addition to requirement (A4) has the
following property: (z + g2(z,6,u)) € E° for each x € E, § € M, u € RY,
i=1,...,N,.
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(B2) d(OFE,¢*(0E,M,V)) > 0, i.e. when {X;} has reached the boundary 0F it
always jumps inside of open set E.

(B3) Process (3.5.9) hits the boundary JF a.s. finitely many times on any finite
time interval.

Remark 3.5.1. Assumption (Bl) means that if component {X;} evolves inside
of set E*, it can leave it only by hitting the boundary OFE’ under the effect of
the continuous dynamics between the jumps and/or switching times generated by
Poisson random measure ps.

Theorem 3.5.2. Assume (A1)-(A4) and (B1)-(B3). Let W, po, {B:,t € [0,00)},
Xo and 0y be independent. Then process (3.5.9) exists for every t € Ry, it is
strongly unique and it is a semimartingale.

Proof. Let #; be the o-algebra generated by Xg, W, pa2(ds,du), and (s with
s < t. Suppose 7&¥ < 7F < ... is the sequence of all instantaneous jumps at
the boundary 0F. By assumptions (B1)-(B3) the number of these jumps is a.s.
finite on every finite time interval and 7% 1 oo a.s. Similarly as in the proofs
of Theorems 3.3.6 and 3.3.11 it suffices to establish uniqueness and existence of
the process (3.5.9) on interval [rF |, 7] with assumption that Z . -measurable
random variable (X » 0.5 ) is given. Then we establish by induction that
(3.5.9) exists and is unique on (J;—, [7¥ |, 7] = R4

Suppose (X.z ,0.5 ) = (X¥, ,0%, ) is Z r -measurable. Then under

k—1 k—1 Tie1 Ti—1 k—1

conditions (Al)-(A4), and (3.4.5), (3.4.3), (3.4.4) and using the same arguments
as in Remark 3.3.10 it follows from Theorem 3.4.1 that for T,f_l <t< T,f there
exists strongly unique process

_ k
{Xt = X (3.5.10)

0, = 0F

It remains to show that (X, 0 r) is F, s-measurable and uniquely defined. By
definition of the process (3.5.9) we have:

X, = Xf)?fl — gw(ngaafgvﬁfE)7 (3.5.11)
0,0 = 9%&1 = 9 (Xke, 005, 0,p). o

From adaptedness and right continuity of (XF,6F) follows that it is progressively
measurable, hence (X ff,ﬂ’;g) is F, p-measurable. (& is also .7 r-measurable.
Thus the right hand side of (3.5.11) is % _r-measurable, i.e. (X r,0.r) is F 5-
measurable. From the strong uniqueness of {(X;,0;) ; t € [7F |, 7F)} follows
strong uniqueness of (X, 5,6 #):

T 7T,

Xﬂf = gx(Xf,f’9§)f7ﬁ7—kE) = gx(XfE_’ele_aﬁTf) = gx(XTkE—7e-rkE—aﬁT,f)a
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0.6 = ge(ng’efg’ﬂf,f) = gG(XfE_, 9%_»575) = g"(Xyp_, 0,5, B.p).

By induction we obtain that process (3.5.9) exists and is strongly unique on
Ure, 781, 7F] = R4. Moreover, it is a semimartingale, since by the Theorem
3.4.1 each solution {XF,0F}, k= 1,2,... is a semimartingale. O

3.6 Related SDE models on hybrid state spaces

In this section we first present stochastic hybrid models developed by Blom (2003);
Ghosh and Bagchi (2004) and then compare them with the models presented in
Sections 3.4 and 3.5. We will use the same notations and definitions of coefficients
as in Sections 3.4 and 3.5. Table 3.2 lists the models we are dealing within this
section.

Table 3.2: List of models and their main features
y 0 [ X1[X2]60&X2] B |
HBL, (Blom, 2003) ] - | v v | -
HB2, (Blom et al., 20030) V2 I IV RV RV
GB1, (Ghosh and Bagchi, 2004) | v | - v v -
GB2, (Ghosh and Bagchi, 2004) v | - - - v
KB1, (Krystul and Blom, 2005a) || v | v v v -
KB2, (Krystul and Blom, 2005a) || v/ | - v v v

The conventions used in Table 3.2 have the following meaning:
HB1 stands for switching hybrid-jump diffusion of Blom (2003);

HB2 stands for switching hybrid-jump diffusion with hybrid jumps at the bound-
ary of Blom et al. (2003b);

GB1 stands for switching jump diffusion of Ghosh and Bagchi (2004);

GB2 stands for switching diffusion with hybrid jumps at the boundary of Ghosh
and Bagchi (2004);

KB1 stands for switching hybrid-jump diffusion developed in Section 3.4;

KB2 stands for switching hybrid-jump diffusion with hybrid jumps at the bound-
ary developed in Section 3.5.

f stands for independent random switching of 6;;

X1 stands for independent random jump of X; generated by compensated Poisson
random measure;
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X2 stands for independent random jump of X; generated by Poisson random
measure;

0& X2 stands for simultaneous jump of X; and 6; generated by Poisson random
measure;

B stands for simultaneous jump of X; and 6; at the boundary.

3.6.1 Stochastic hybrid model HB1 of Blom

First, we present the model HB1 (see Table 3.2). Blom (2003) placed the SDE of
Lepeltier and Marchal (1976) on a hybrid state space and showed that the strong
uniqueness and existence identified by Lepeltier and Marchal (1976) carry over to
the following resulting SDE of It6-Skorohod type:

dXt = a(Xt,Gt)dter(Xt,Gt)th (361)

+ 4 (b(Xt—a 0t—7 eta @)pQ (dt7 (07 2]1\/' (Xt—7 at—)] X d@)a
R
N

df; = Z(ez — et,)pg (dt, (Zifl(Xt,, Gt,), Ei(Xt,, 9,5,)] X Rd_l) . (362)

i=1

The solution {X;,6;} governed by SDE (3.6.1)-(3.6.2) is an R" x M valued sto-
chastic process, the set M = {ey,...,en} is defined as in Section 3.4, and

(i) Xo is an R™-valued random variable;
(i

) 6o is an M-valued random variable;
(iii) W is an m-dimensional standard Wiener process;
)

(iv) pa(dt,du) is a Poisson random measure with intensity dt x ma(du) = dt x
duy x Ji(du), where fi is a probability measure on R4~1, u; € R, u refers to
all components of u € R? except the first one.

The coefficients are defined in the same way as in Section 3.4.

Let S, C R%1 denote the projection of the support of function
¢:R* xM x M x R*1 — R” on R?!. There are three different combinations
of jumps and/or switches possible:

(i) If uy € (Xj-1(x,€:),Zj(x,€:)], 4,7 =1,...,N and j # i, and u € S, then
simultaneous jumps of X; and switches of §; are possible.

(i) If us € (Bj_1(z,e),2(x, )], 4, =1,...,N and j # ¢, and u ¢ S, then
only random switches of 6; are possible.

(ili) If uy € (Bj-1(x,e5),%;(x,e5)], j=1,...,N, and u € S, then only random
jumps of X; are possible.
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Blom (2003) showed that under the following assumptions there exists an a.s.
unique strong solution of SDE (3.6.1)-(3.6.2).

(C1) There exists a constant [ such that for each i =1,2,..., N
la(a, en)* + [b(x, en)[* < 1L+ [2]?).
(C2) for any r > 0 one can specify constant [, such that for each i =1,2,..., N
la(z,e;) — aly, en)|* + [b(x, e5) — by, e:)* < l|z — y|”

for |z| <7, |y| < 7.

(C3) Measurable mappings ¥;, i = 1,..., N, are defined by (3.4.5) and for 4, j =
1,2,...,N, A(-, e, e;) are bounded and measurable, (-, e;,e;) > 0.

(C4) For any k > 0 one can specify constant N such that for eachi,j =1,2,... N

sup /]Rd—l ‘qs(x;elve‘]?Q)“j(dg) S Nk.

|| <k

The stochastic model HB2 was first presented in (Blom et al., 2003b). It is
constructed in quite the same way as the model KB2 in Section 3.5. Actually HB2
and KB2 fall into one class of SDE. So we omit the description of model HB2 and
refer the reader to (Blom et al., 2003b) or Section 3.5. It is worth to mention
that the difference between these two SDE is in the way the strong existence and
uniqueness of the solution was proved.

3.6.2 Stochastic hybrid model GB1 of Ghosh and Bagchi
Now, let us consider the model GB1 of Ghosh and Bagchi (2004).

The evolution of R™ x M-valued Markov process {X¢,6;} is governed by the
following equations:

dXt = a(Xt, Gt)dt + b(Xt, Gt)th + / g(Xt_, 0,5_, U)p(dt, d’l,L), (363)
R

d9t = / h(Xt,, gtf, U)p(dt, du) (364)
R

Here:
(i) For t =0, Xy is a prescribed R™-valued random variable.
(ii) For t = 0, 6 is a prescribed M-valued random variable, M = {ej,...,en}.

(iii) W is an n-dimensional standard Wiener process.

53



3.6. RELATED SDE MODELS ON HYBRID STATE SPACES

(iv) p(dt,du) is a Poisson random measure with intensity dt x m(du), where m
is the Lebesgue measure on R. p is assumed to be independent of W.

The coeflicients are defined as:

‘R" xM — R"

:R" x M — R™*"
TR xM xR — R"
‘R® x M x R — RY,

S Q@ o 8

Function h is defined as:

Wz, enu) = {0~ 6 T Ry5(@) (3.6.5)
Y 0 otherwise,

where for ¢,j € {1,...,N}, ¢ # j, x € R”, A;;(x) are the intervals of the real line
defined as:

App(z) = [0, Ai2())

Agz(z) = [Ma2(z), M2(z) + Ai3(x))

M) = [EN5 @), 2 hj@)

Boi(@) = [ LA (@) 2 (@) + Ao (@)

and so on. In general,

i—1 N Jj— i—1 N
RPPILE +2szz @ 30 )
T . i

For fixed « these are disjoint intervals, and the length of A;;(x) is A\;j(z),
Aij R SR i j=1,...,N,i#j.

Let K; be the support of g(-,-,-) and let Uy be the projection of K; on R. Tt
is assumed that U; is bounded. Let Ko denote the support of h(:,-, ) and Uy the
projection of K5 on R. By definition of ¢, U; is a bounded set. One can define
function g(-,-,-) so that the sets U; and Us form three nonempty sets: U; \ Us,
Uy NUs and Uy \ Uy (see Figure 3.1). Then, we have the following:

g('a ~,’U,) 7& 0
h(-,+,u) #0

i.e., simultaneous jumps of X; and switches of 6, are possible.

(i) For u € Uy NUs
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Figure 3.1: Uy U Us is the projection of set K1 U K5 on R

(11) For u € Uy \ U,
g('v K u) =0
h('7 ) ’LL) 7& 0
i.e., only random switches of 6; are possible.

(iii) For u € Uy \ Uy

i.e., only random jumps of X; are possible.

Ghosh and Bagchi (2004) proved that under the following conditions there
exists an a.s. unique strong solution of SDE (3.6.3)-(3.6.4).

(D1) Foreache; e M,i=1,...,N, a(-,e;) and b(-, e;) are bounded and Lipschitz

continuous.

(D2) Foralli,j € {1,...,N}, i # j, functions A;;(-) are bounded and measurable,
Aij(+) > 0 for i # j and Y0 ) Aij(-) = 0 for any i € {1,..., N},

(D3) Uy, the projection of support of g(+,-,-) on R, is bounded.

3.6.3 Stochastic hybrid model GB2 of Ghosh and Bagchi

Next, we present the GB2 model of Ghosh and Bagchi (2004). The state of the
system at time ¢, denoted by (X, 6;), takes values in | J7—_; (S, x M, ), where M, =
{e1,€2,...,en, } and S, C R . Between the jumps of X, the state equations are
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of the form
dXt = a"(Xt, Gt)dt + bn(Xt7 Qt)th”, (366)

b, = [ WX, 00 ulpla ), (3.6.7)
R

where for each n € N

a’: S, x M,, —» R
b" 1 S, x M, — Rénxdn
™S, x M, x R — RN~

Function A" is defined in a similar way as (3.6.5) with rates A, : S, — R, A, > 0
for i # j, and Z;V:"I A5(-) = 0 for any i € {1,...,N}. W" is a standard d,,-
dimensional Wiener process, p is a Poisson random measure on R x R with the
intensity dt x m(du) as in the previous section.

For eachn € N, let A, C S,,, D,, C S,,. The set A, is the set of instantaneous
jumps, whereas D,, is the destination set. It is assumed that for each n € N,
A, and D, are closed sets, A, N D,, = & and inf, d(A4,,D,) > 0, where d(-,")
denotes the distance between two sets. If at some random time X; hits A,,, then
it executes an instantaneous jump. The destination of (X, 6;) at this juncture is
determined by a map

gn : An X Mn - UmEN(Dm X Mm)

After reaching the destination, the process {X,0;} follows the same evolutionary
mechanism over and over again.
Let {n;} be an N valued process defined by

mo=n if (X;,0,) € Sp x M,,. (3.6.8)

The {n;} is a piecewise constant process that changes from n to m when (X, 6;)
jumps from the regime S,, X M, to the regime S,, X M,,,. Thus 7, is an indicator
of a regime and a change in 7; means a switching in the regimes in which {X¢, 6;}
evolves.

Let

S = {(z,e;,n)|x € Sp,e; € M, },
A= {(z,e;,n)|z € Ay, e; € M, },

D ={(x,e;,n)|x € Dy, e; € M, }.
Then {Xy, 0,7} is an S-valued process, the set A is the set where jumps occur
and D is the destination set for this process. The sets Uy, (S, x Ml,), Up (An x M)
and Uy, (D, x M,,) can be embedded in S, A and D respectively.
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Let d° denote the injection map of U, (D,, x M,,) into D. Define three maps

G1(x,e;,n) = the first component in d°(g,(z, e;)),
(z,e;,n) = the second component in d°(g,(z, e;)),

G2
h(x,e;,n) = the third component in d(g,(z, e;)).
Let 7,41 be the stopping time defined by
Tm+1 = 1nf{t > Tm|Xt_, Ht_,nt_ € A}

The equations for { Xy, 6;, 7} may thus be summarized as follows:

dX; = (G(Xt, O, me) + Z (91(Xr, = Orpi— s M=) — X )] 0(E — Tm))dt (3.6.9)

m=0

+ b(Xta 9t7 nt)thnta
by = [ WX wp(at. du) (3.6.10)

R

+ Z [92(Xr,, 07— 17— ) — 0r,, 2)]0(E — T ),

m=0

dny =3 [W(Xrp o Orp s M=) = T N <ty (3.6.11)

m=0

where ¢ is the Dirac measure and a(z,e;,n) = a"(x,e;), b(x,e;,n) = b™(x,e;),
h(.’E, €i, 1, ’LL) = hn(xa €is u)

To ensure the existence of an a.s. unique strong solution of SDE (3.6.9)-
(3.6.11), Ghosh and Bagchi (2004) adopted the following assumptions:

(E1) Foreachn € Nand e; € M, a™(+,¢;) and b (-, ¢;) are bounded and Lipschitz
continuous.

(E2) For each n € N, 4,j = 1,..., My, i # j, functions A};(-) are bounded and
measurable, A7 (-) > 0 for i # j and Zjvzl () =0forany i€ {1,...,N}.

(E3) The maps g,, n € N, are bounded and uniformly continuous.
(E4) inf, d(A,, D,) > 0.
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3.6.4 Hierarchy between stochastic hybrid models

In this subsection we discuss the differences between the models and determine
the relative hierarchy of these models.

First, let us consider models HB1 and GB1 (see Sections 3.6.1 and 3.6.2).
Both models allow either independent or simultaneous jumps and switches of
X; and ;. However, there are some differences in assumptions imposed on the
coefficients and in construction of the jump and switching coefficients. The first
two terms (i.e. the drift and the diffusion term) in (3.6.1) and in (3.6.3) are
identical. However, when proving the existence of strong unique solution of SDE
(3.6.3)-(3.6.4) Ghosh and Bagchi (2004) assume that the drift and the diffusion
coefficients are bounded, i.e. condition (D1). To prove the similar result for SDE
(3.6.1)-(3.6.2) more general growth condition (C1) is adopted. The construction
of the “switching” terms (3.6.2) and (3.6.4) is almost identical with some minor
differences in defining the “rate” intervals. The conditions on the “rate” functions
A(+, €, e5) and A;;(-) are the same, i.e. these functions are assumed to be bounded
and measurable for all 4,5 =1,..., N, i.e. conditions (C3) and (D2).

There is a substantial difference in the construction of the jump part of X; in
the HB1 and GB1 models. In GBI the jumps of X; are described by a stochastic
integral of function g with respect to a Poisson random measure p(dt,du) with
intensity dt x m(du), where m is the Lebesgue measure on U = R. In order to
satisfy the existence and uniqueness of solution, Uy, the projection of support of
function g on U = R, must be bounded, i.e. condition (D3). In HB1 the jumps
of X; are also defined by a stochastic integral driven by Poisson random measure
p2(dt, du) but with intensity dt x m(du;) x fi(u), where m is the Lebesgue measure
on U; =R and i is a probability measure on U = R?~!. The integrand function
g2, which determines the jump size of X;, compared to function g, has an extra
argument u € U = R?! and, since the intensity of p, with respect to u is a
probability measure fi (which is always finite), the projection of support of go on
U = R%! can be unbounded. This gives some extra freedom in modelling the
jumps of X; component. It is only required that function g, must satisfy condition
(C4). From this follows that model HB1 includes model GB1 as a special case
(GB1 C HBI).

Now, let us look at models HB1 and KB1 (see Sections 3.6.1 and 3.4). At a
first glance, one can see that KB1 has an extra integral term with respect to a
compensated Poisson random measure ¢;. This term represents a purely discon-
tinuous martingale part of the X; component. Conditions (A1)-(A3) adopted to
SDE (3.4.1)-(3.4.2) are equivalent to conditions (C1)-(C3) in SDE (3.6.1)-(3.6.2).
But condition (A4) is weaker than condition (C4). Using the same derivations as
in Theorem 3.4.2 one can show that the solution of SDE (3.6.1)-(3.6.2) is indis-
tinguishable from the solution of SDE (3.4.1)-(3.4.2) with g; = 0. That means,
model HB1 can be seen as a special case of KB1 (HB1 C KB1).
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Next, we compare HB2 and KB2 (see Sections 3.6.1 and 3.5). HB2 contains
all models of HB1 extended with hybrid jumps at a boundary. The model KB2
is same as KB1 without integral term with respect to the compensated Poisson
random measure ¢;, but with hybrid jumps at the boundary. All together, KB2
and HB2 are the same class of SDE (HB2 = KB2).

Models KB2 and GB2 have some similarities (see Sections 3.5 and 3.6.3).
Let us see what are the main differences between SDE (3.5.3)-(3.5.6) and SDE
(3.6.9)-(3.6.11). Solutions of SDE (3.6.9)-(3.6.11) are the |J,_, (S, x M,,)-valued
switching diffusions with hybrid jumps at the boundary. Before hitting the bound-
ary {X¢,0:} evolves as an (S, x M,,)-valued switching diffusion in some regime
1y = n € N. The drift and the diffusion coefficients and the mapping determining
a new starting point of the process after the hitting the boundary can be dif-
ferent for every different regime n € N. Solutions of SDE (3.5.3)-(3.5.6) are the
(R™ x M)-valued switching-jump diffusions with hybrid jumps at the boundary.
The dimension of the state space and the coefficients of SDE are fixed. Hence, on
this specific point, model GB2 is more general. However the jump term in KB2,
see Equation (3.5.3), is more general than the jump term in GB2, see Equation
(3.6.9).

Now let us have a look at conditions (E1)-(E4). Condition (E1) implies that
our local conditions (A1) and (A2) for SDE (3.4.1)-(3.4.2) are definitely satisfied.
Conditions (E2) and (E3) imply that conditions (A3) and (A4) for SDE (3.4.1)-
(3.4.2) are satisfied. Condition (E4) implies that (B1) and (B2) adopted to SDE
(3.5.3)-(3.5.6) are satisfied. It ensures that after the jump the process starts inside
of some open set, but not on a boundary. Condition (B3) of SDE (3.5.3)-(3.5.6)
is missing for GB2 (Ghosh and Bagchi, 2004).

In general GB2 is not a subclass of KB2 (or HB2) since in GB2 the state of
the system (X, 6;) takes values in U;il(sk x M), where My, = {e1,e2,...,en,}
and Sj, C R% may be different for different k’s. If (S, x My) = (R™ x M) for all
k € N then obviously GB2 C KB2 (=HB2).

We summarize the “hierarchy” of models in Figure 3.2. The “hierarchy” is
organized on the basis of the behaviors of the processes, e.g. different types of
jumps, and not on the assumptions applied to the models.
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HB2=KB2

(L
a4

Figure 3.2: The hierarchy between stochastic hybrid models; the sets HB2=KB2
and GB2 fall within the set of Generalized Stochastic Hybrid Processes (Bujorianu
and Lygeros, 2004). KB1 provides complementary modelling power in allowing
processes that have infinite variation in jumps on a finite time interval.

3.7 Markov Property

In the following two sections we prove Markov and Strong Markov properties for
model KB2 (Section 3.5). These results are crucial for developing efficient rare
event simulation techniques as we will see in Chapter 5.

Assume we are given the following objects:
e a measurable space (S,.7);

e a measurable space (Q,%) and a family of o-algebras {¢°,0 < s <t < oo},
such that 47 C 4 C ¢ provided 0 < u < s <t < v; ¥4 denotes a o-algebra
of events on time interval [s,t]; we write %, in place of ¢ and ¢° in place
of 95 ;

e a probability measure P; , for each pair (s,z) € [0,00) x S on ¥°;

e a function (stochastic process) & (w) = &(t,w) defined on [0,00) x £ with
values in S.

The system consisting of these four objects will be denoted by {&, %, Ps ..} (Gih-
man and Skorohod, 1975).

Definition 3.7.1. A system of objects {&, %, Ps .} is called a Markov process
provided:

(i) for each t € [0,00) &:(w) is measurable mapping of (2,¥) into (S,.%);
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(ii) for arbitrary fixed s,t and B (0 < s <t, B € .¥) the function P(s,z,t, B) =
P, (& € B) is .“-measurable with respect to z;

(iii) Psy(és=x)=1forall s>0and z € S;

(iv) Psz(§u € B|97) = P, (& € B) for all s,t,u,0 <s<t<u<oo,z€S
and B € ..

The measure P; , should be considered as a probability law which determines
the probabilistic properties of the process & (w) given that it starts at point z at
the time s. Condition (iv) in Definition 3.7.1 expresses the Markov property of
the processes. Let E; , denote the expectation with respect to measure Ps ,. For
@°-measurable random variable £(w)

E..[6(w)] = / (W) Py o (d).

It is not difficult to show that the Markov property (iv) in Definition 3.7.1 can be
rewritten in terms of expectations as follows:

ES,I[f(§u> | gts] = Et»‘ft [f(gu)L 0<s<t<u<oo,

where f is an arbitrary .¥-measurable bounded function.

Next, let us show that process

W) = LX) ) ®

01 (w) >y Gﬁ(w)l[fil(w)ﬂf(w)) (1) (3.7.1)

defined as a concatenation of solutions {X[,07} of the system of SDE (3.5.3)-
(3.5.6) (see Sections 3.4 and 3.5), is Markov. We follow the approach used in
(Gihman and Skorohod, 1982). Let &7 = (X%, 6;%) denote the process (3.7.1)
on [s,00) satisfying initial condition £57 = n = (X% ,05%). Note that now
S =R"x M and .¥ = PBrnxm is the o-algebra of Borel sets on R™ x M. Assume
that conditions of Theorem 3.5.2 are satisfied. Let .%#, s < t be the o-algebras
generated by {W, — Wi, pa([s,u],dz), Bu,u € [s,t]}, FP = F, F5 = F°. For
s < t the o-algebras .Z; and .#¢ are independent. Process & is % *-measurable,
hence, it is independent of o-algebra .%,. Let 1, be an arbitrary R"™ x M-valued .%,
measurable random variable. Then &, ¢t > s, is unique .#;-measurable process
on [s,00) satisfying the initial condition {5+ = n,. Since for u < s process &Y
is .Z;-measurable on [s,00) with initial condition £*¥ then the following equality
holds "

€V =% u<s<t. (3.7.2)

Let ¢ be a bounded measurable function on R™ x M, let {5 be an arbitrary bounded
F¢-measurable quantity. The independence of %, and .#* and the Fubini theorem
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imply that measure P on % is a product of measures Ps; and P?, where P; is a
restriction of P on %,, where P? is a restriction of P on .%#*, and

Elp(£4Y)¢) = Elp(675 ")) = B[ (Blp(E5))ogrv].

Since £"Y is Fs-measurable then E[p(&"Y) | Z4] = []E[go({f’x)ﬂw:gu,y. Let

P(s,z,t,B) = P(§" € B), B € $rnxum, (3.7.3)

here Brn <y is the o-algebra of Borel sets on R™ x M. Then, by taking ¢ = Ip,
we obtain
P& € B| %) = P(s, &Y, t, B). (3.7.4)

If & is an arbitrary process defined by (3.7.1), by the same reasoning with help
of which equalities (3.7.2) and (3.7.4) have been obtained, one can show that
& = &% for s < t and that

P(gt €B | y&) :P(S,§S7t,B).

Hence, the process defined by (3.7.1) is a Markov process with transition probabil-
ity P(s,x,t, B) defined by (3.7.4). To be precise, we have shown that the system of
objects {(Xt, 9,5), ngts’ Ps,(z,@)} 5 where Ps,(x,O) ((Xt, Qt) S B) = P(S, (JZ, 9), t, B) =
P((Xf’x, 9f’9) c B), B € Brnxu, is a Markov process.

3.8 Strong Markov property
In this section we prove the Markov property
Py(§u € Bl9) = Pre(§u €B), s<t<u

remains valid also when a fixed time moment ¢ is replaced by a stopping time.
Let {&(w), 97, Ps .} be a Markov process in the space (S,.%). Let 7 denote
the o-algebra of Borel sets on [0, 00).

Definition 3.8.1. A Markov process is called strong Markov if:

(i) the transition probability P(s,z,t, B) for a fixed B is a  x ¥ x I-
measurable function of (s,x,t) on the set 0 < s <t < oo, x € 5;

(ii) it is progressively measurable;

(iii) for any s > 0, t > 0, .-measurable function f(z) and arbitrary stopping
time T,

ES,w[f(gtJrT) | gj] = ET,&— [f(gtJr‘r)] (381)
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Remark 3.8.2. For Equation (3.8.1) to be satisfied, it is necessary that the ran-
dom variable g(&-,7,t + 7) = E; ¢ [f(&+4+)] be 47-measurable. For this reason
assumptions (i) and (ii) make part of the definition of the strong Markov property
(Gihman and Skorohod, 1975).

Now we return to the process & = (X, 6;) defined in Section 3.5. We have
shown that it is a Markov process. The following proposition proves that it is a
Strong Markov process also.

Proposition 3.8.3. Assume (A1)-(A4) and (B1)-(B3). Let W, pa, p¥, Xo
and Oy be independent. Let .F7, s < t be the o-algebras generated by {W, —
W, p2(dz, [s,u]), Bu,u € [s,t]}. For any bounded Borel function f : R™ x Ml — R
and any F{-stopping time T

Esolf(§err) | F7] = Ere, [£(Ee17)]-

Proof. Let {oy,k =0,1,...} denote the ordered set of the stopping times {7, k =

2,...} and {ms,k = 0,1,...}. The latter set is the set of the stopping times
generated by Poisson random measure ps. Then on each time interval [of_1, o),
k =1,2,... process & evolves as a diffusion starting at point &,, , at the time
okg—1. It is known that for diffusions the strong Markov property holds (see
(@ksendal, 2002)). This means that on each time interval [ox_1,0) the Strong
Markov property for {X¢,6;} holds. Let .Z2 be the o-algebra generated by the
F¢-stopping time 7. The sets {w : 7(w) € [ok—1(w),0x(w))}, k = 1,2,... are
F2-measurable. Hence

[f(§t+T ‘ J Zlok 17Uk) [f(£t+7') | yf]
=Y Bl (D (E00) | 5
=0

= ZET@T [I[Uk—l»gk)(T)f(§t+T)j|

k=0

=E, Er ZI[Uk 1,0k) (&JFT)]
=E,¢, [f(ftJr'r)]

This completes the proof. O

3.9 Concluding Remarks

The aim of this chapter was to significantly further the study of SDE on a hybrid
space, including characterizations of its solutions in terms of pathwise uniqueness,
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semimartingale and strong Markov process properties. We have used (Gihman
and Skorohod, 1982) and (Jacod and Shiryaev, 1987) to identify and character-
ize the most general class of jump-diffusions which are defined as semimartingale
solutions of SDE. This yielded a valuable improvement over the (Lepeltier and
Marchal, 1976) regarding the understanding of semimartingale property and path-
wise uniqueness of jump-diffusions. Next we have followed a similar path as taken
by (Blom, 1990, 2003) in transferring this pathwise uniqueness and semimartin-
gale understanding to the class of stochastic hybrid processes. This subsequently
allowed to incorporate instantaneous jumps at a boundary within the same frame-
work including pathwise uniqueness and semimartingale property. Finally we have
introduced a novel approach in showing strong Markov property for general sto-
chastic hybrid process, i.e. model KB2. The strong Markov property will prove to
be very important in Chapter 5 for development of efficient rare event simulation
techniques.
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Chapter 4

Approximation of first
passage times of switching
diffusion

4.1 Introduction

In this chapter we study the problem of estimating the probability that a stochas-
tic hybrid system reaches a given target set within some time horizon. This type
of problems arise in numerous applications, e.g. reliability analysis of complex
dynamical systems (Aldemir et al., 1994), computer and communication systems,
advanced air traffic management (Blom and Bakker, 2002), finance applications
(Glasserman and Li, 2005) etc. An analytical solution to this problem is available
only in some special simple cases. A widely applicable approach to estimation
of expectations of functionals of a stochastic process, such as its probability dis-
tribution and its moments, is the simulation of sample paths of a corresponding
discrete-time approximations. We refer the reader to Chapter 2 for an introduc-
tion to Monte Carlo simulation techniques and definitions of the concepts of weak
and strong discrete-time approximations of stochastic processes.

Five distinct classes of stochastic hybrid processes, all containing the class
of switching diffusions of Ghosh et al. (1997), have been studied in Chapter 3.
In this chapter we select the stochastic hybrid model of Ghosh et al. (1997) in
order to give a general insight on the specifics of discrete-time approximations
and Monte Carlo simulations of the stochastic hybrid processes with non-trivial
state dependent switching rates.

Let {X4,6:} be the switching diffusion taking its values in R™ x M defined by
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dXt = a(@t, Xt>dt + b(@t, Xt)th7 (411)
P9t+5|9f,,Xf, (9|777{E) = A,,g(x)é + 0(6)7 n 7& 0, (412)

where M is a finite set of modes and (WW;)¢>0 is a Brownian motion in R™ (Ghosh
et al., 1997). We set 7 = inf{t > 0: X, € D} for the first passage time to the set
D x M, where D C R" is a closed connected set. We want to estimate

P(r<T) (4.1.3)

where T is a fixed time. We propose to approximate the switching diffusion (4.1.1)-
(4.1.2) by a discrete-time strong Euler approximation (X[, 6} );,c.» (where .# is
a time discretization), and approximate probability (4.1.3) by

P(r" <T), (4.1.4)

where 7" £ inf{t > 0: X} € D}. Using the Monte Carlo simulation method, the
probability of first passage time (4.1.4) can be then approximated by a sample
average of 1¢,.n<py where 7" is the Euler approximation of the stopping time 7.
Discrete-time approximations of an It6 diffusion are well explained in (Kloe-
den and Platen, 1992). A discretization scheme for jump-diffusion process with
state-dependent intensities was considered in (Glasserman and Merener, 2004).
Weak approximations of killed (or stopped) diffusions were studied in (Gobet,
1999a,b, 2000, 2001) and (Moon, 2003). They develop and prove the convergence
of numerical schemes that approximate the expected value E[g(z(7), )] of a given
function g depending on the solution x of an It6 stochastic differential equation
and on the first exit time 7 from a given domain. In this chapter we develop
an Euler-type discretization scheme for hybrid model (4.1.1)-(4.1.2) and prove its
convergence. Following the approach of Gobet (1999a), we then show that

P(r<T)-P(t"<T)—0

as the discretization step tends to zero.

The organization of this chapter is the following. Section 4.2 provides impor-
tant details on switching diffusion model. The strong approximation scheme and
its convergence proof are presented in Section 4.3. The approximation of first
passage time is discussed in Section 4.4.

4.2 Switching diffusion
The switching diffusion SDE (4.1.1)-(4.1.2) can be rewritten in a form of It6-

Skorohod SDE which is just the same as the SDE of Ghosh and Bagchi (2004)
only without the jump part of X3, i.e. ¢ =0 (see Ch.ITI, Sec.3.6.2 in this thesis).
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In order to keep this chapter self-contained, we briefly recall the main features of
the model.

The discrete valued component {6;} is assumed to take its values in a space
M = {ej,es,...,en} defined as a finite set of unit vectors, i.e. e; € M is a i-th
unit vector in RYV. The coefficients of SDE (4.1.1)-(4.1.2) are defined as follows:

a : R"xM—R"
b : R"xM — R"*"
)‘ij : RHHR, i,j:1,2,...,N

For each § € M , a(-,0) and b(-,0) are assumed to be bounded, continuous and
Lipschitz. For all 4,5 € {1,..., N} A;;(-) is assumed to be bounded, continuous
and Lipschitz, A;;(-) > 0 for ¢ # j and Zjvzl Xij(-) =0 for any ¢ € {1,...,N}.
These conditions ensure the existence of a unique strong solution to SDE (4.1.1)-
(4.1.2) (Ghosh and Bagchi, 2004).

The transformation of SDE (4.1.1)-(4.1.2) into an It6-Skorohod type SDE is
done by replacing Equation (4.1.2) by an equivalent SDE driven by a Poisson
random measure. For that, one first needs to define proper “rate” intervals, the
meaning of which will soon become clear.

For i,j € {1,...,N}, i # j, x € R™ we construct the intervals A;;(x) of the
real line in the following manner (Ghosh et al., 1993, 1997):

Aqz(x) = [0, M2(z))
Agz(w) = [M2(2), Ai2(z) + Mz(x))

N—-1 N
Arn(e) = [ 32 Ajle), D2 (@)
j=2 j=2
N N
Ao (@) = [ D0 M (@), > M) + Ao ()
j=2 =2
and so on. Thus, in general,
J—1 i—1 N J
[Z Z N (@) + > X (), 00> X)) + )\ij’(ff)>~
=1 j'= J'=1 i'=1 j'=1 i'=1
/¢7- il #i g’ #i! ' #i

For fixed x these are disjoint intervals, and the length of A;;(x) is A;;(x). Now
we define a function ¢: R® x M x R — RY :

_ - €; —€; if z € A”(l‘)
oz, e, z) = { 0 otherwise. (4.2.1)
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Then the (R™ x M)-valued switching diffusion process (4.1.1)-(4.1.2) can be rep-
resented as a solution of the following SDE (Ghosh et al., 1993, 1997):

dXt = a(Xt,Ht)dt+ b(Xt,t?t)th, (422)
do, = / c(Xy, 0, z)p(dt, dz), (4.2.3)
R

for t > 0, with (Xy, 6p) a prescribed (R™ x M)-valued random variable; p(dt, dz) is
a Poisson random measure with intensity dt- dz; (W;) is an n-dimensional Wiener
process independent of (Xy, 0p) and p(dt, dz).

Define the following interval:

N N

v 2 U (U au@),
i=1 j=1
J#i

it includes all intervals A;;(z),i,j = 1,...,N, i # j. Since the length of each
interval A;;(z) is Aj;j(x), and this is continuous and bounded function for 7, j =
1,...,N, i # j, it follows that the length of interval U(z) (we denote it by I(U(x)))
is bounded and is a continuous function of x. Therefore, it has a maximum at
some point x*:
W(U(y)) <UU(z)) for all y € R™.

Let Upax 2 U(z*) denote the interval of maximum length and let Apax 2 1(Umax)
denote its length. Then, Equation (4.2.3) can be written as follows:

do; z/ (X, 04—, 2)p(dt,dz).
Umax
One can think of a Poisson random measure p(dt,dz) as assigning unit mass to
(Tn, 2zn) if there is a jump at time 7, of size z,. Let N(t) be a standard Poisson
process with intensity Apax. We denote by 7,, n = 1,2,... the jump times of
N(t). Let Unax be the "mark” space, and (Z,),>1 be a sequence of i.i.d. random
variables with uniform distribution on Upax, independent of N (¢). In this special
case we can represent the random Poisson measure p(dt, dz) with intensity dt-dz as
a random counting measure associated to the marked point process (7, Zn)n>0,
i.e. for each Lebesgue measurable A C Upax

p((0,8],A) => 17, <tp - 1(z,ea)- (4.2.4)
n>1
We check that
I(A)

)\max

Elp((0,1), A)]l = Amax - t - P(Zp € A) = Amax - £ - = t-1(A).

The representation (4.2.4) is very convenient for practical problems. We see
that p(dt,dz) can be generated just by sampling independent random variables

mand Z,, n=1,2,....
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4.3 Strong approximation of switching diffusion

4.3.1 Discretization Scheme

Now we turn our attention to numerical solution of SDE (4.2.2)-(4.2.3). We
develop an Euler type discretization scheme which allows to obtain a strong ap-
proximation process to the solution of switching diffusion precess. To start with,
we should define the appropriate discretization of time interval [0, T]. Let us de-
note by %y = {t;il :n=0,1,... ,L} the usual equidistant time discretization of a
bounded interval [0,T] with discretization step h = T/L. Suppose 71, T, ... are
the jump times of the discrete valued component #;,. Then we take a new time
discretization & = {t, :n=0,1,...} which is the union of the random jump
times 7, of the component #; on interval [0, T] and the deterministic grid .#;.

For a given time discretization .# an Euler type approximation is a continuous
time stochastic process { X[, 07} satisfying the following equation with “delayed”
coefficients:

t t
XM =X, +/ hs, XM Gh)ds—i—/ b (s, XM, 0M)dw, (4.3.1)
0

0" = 0, Jr/ / h(s—, X" 0", 2)p(ds,dz), (4.3.2)

Umax

here

a(s, X", 0") 2 a(Xy,,0:,.), SE [thytrs1),
bh(sthagh) £ b( Xy, 01, ), 8 € [tr,thrn),
(5=, X" 0", 2) 2 (X, , 06—, 2), 5E [thytrr)

The corresponding recursive discretization scheme
XP =X 4alX]_ 0] )(ti—tio1) (X[ 0] YWy, — Wi, ), (4.3.3)

oh =0k + [ eChol i), (43.4)
U,

max

determines values of the approximating process (4.3.1)-(4.3.2) at discretization
times only. Thus, approximation (Xt N ') is iteratively computed starting from
the initial condition (Xo,6) using the scheme (4.3.3)-(4.3.4). At the grid point,

(4.3.4) computes the jump of #" exactly, conditional on (Xth,G? )= (XP,68 ),

if t; is indeed a point of the Poisson random measure. Otherw1se, the jump term
is zero. The integral in (4.3.4) entails at most a single evaluation of the function
¢ because p({t;},dz) is a point mass at the mark z that arrives at time ¢; if it is
a jump time.

IHere h denotes the dependence on the time discretization step h.
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4.3.2 Convergence

Theorem 4.3.1. Suppose, functions a,b,c and \;; are defined as in Section 4.2
and the Euler type approzimating process { X[, 01} is defined as in Section 4.3.1.
We assume, that

(1) functions A;;(-) (¢, =1,...N) are bounded and Lipschitz

IXij(z) — Xij(y)] < Calz —yl, for all z,y € R™; (4.3.5)

(i) for all x,y € R™ and §,n € M

la(z,0) — a(y,n)* + |b(z,0) — b(y,n)|* < Cap(lz —y[*+1)  (4.3.6)

for 0 £ and
la(z,0) — aly,m)2 + b(z.0) = by, ) < Capllz )  (43.7)
for 0 =1.
Then

oo
o OmaxTK)*
sup E(| X7 — X2 + 00 — 0,]%) < e AT 23" 2" Qonax TR 35)
k=0

s<T k! ’
sup E(| X" — X, |2 + 0" — 6,*) — 0, as h — 0, (4.3.9)
s<T
and
= - )\maxTK k 1/2
Bfsup X4~ X,[) € (2T(T -+ 4)C - o TRy g G BT
s<T = k!
(4.3.10)
E[sup | X" — X,|] — 0, as h — 0. (4.3.11)

s<T
Here the constant K does not depend on h.
To prove the Theorem 4.3.1 one needs the following lemmas.

Let .%; denote the o-algebra generated by all random variables W, p((0, s], Unax),
s < t (see Section 4.2). Let £ denote the space of all .#;-adapted stochastic
processes that are square integrable:

T
I1f1] 22 =/O /Qfg(t,w)]P(dw)dt<oo.
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Remark 4.3.2. In order to shorten expressions we introduce the following notation:
B[] £ B[ | N(T) = ).

Recall that in Section 4.2 by N(t) we denoted the standard Poisson process with
intensity A\paz. Event {N(T') = i} means that there were i switches of component
{6;} in the time interval [0, T).

Lemma 4.3.3. Suppose, Wy is independent of p(dt,dz). Then for every f € L%,

E [(/OT f(t,w)dwt(w))Q] :Ei[/OT f2(t,w)dt]. (4.3.12)

Proof. First we consider the step processes, and then extend the result to arbitrary
processes.
Let ¢ be a bounded step process in Z2:

Z_: Mt 500 (0)- (4.3.13)

7=0

By adaptedness, ¢; in (4.3.13) is independent of AW} = Wi,y — Wy, for i < j.
Therefore

/¢ (t)dw;)?| = [(chAWj)Q}

= Z Z Ei[CiCjAWiAWj]
i=0 j=0
n—1
=Y EISAW?] +2)  Ecic, AW;E[AW]

j—O i<j

n—1
= Z E'[E[AW]] = Z E'[c]] At
_EZ[ZCQAt / P2 (t dt

To go from step processes to arbitrary processes we use the known fact that every
process ¢ € Z2 can be approximated arbitrarily well by step processes in £
(e.g. see (Dksendal, 2002)). Now, suppose ¢ € £# is an arbitrary process. We
can approximate it by step processes ¢" € L2 ie. ¢" — ¢ in L2, To get the
claim (4.3.12) we pass to the limit in the following equality, n — oo

Ei [/OT ¢?th}2 — E [/OT(¢f)2dt], neN.
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Indeed, since Y™ £ fo ¢?th e fo ¢+dWy, then

(ETY™)? Y — B2 < @Y™ - Y)*DH?

By -\
: (P(N(T) =) ) " |

and
(&) (o) - (e / C(ra) | < (21 / “or - aran)

0 0
" 1/2
S (E[IOT((bt _ d)t)th]) e 07 n — 09,

P(N(T) = i)

B [/OT budi¥;] = [/OT(ast)th]-

Lemma 4.3.4. Suppose functions A\i;(-) 1,5 = 1,..., N satisfy the conditions of
Theorem 4.8.1. Then there exist a constant C. such that

Thus

O

/ lc(x, ei, 2) — c(y, ex, 2)|?dz < Co(|x —y| + 1) fori #k (4.3.14)
R

and
/ lc(x, ei,2) — c(y, ex, 2)|?dz < Co(|x —y|) fori=k (4.3.15)
R

for all x,y € R™ and e;, e, € M.

Proof.

/ le(2, €5, 2) — c(y, ex, 2)|dz
R

N N 2
= / ‘ZIA”(@(Z) vej—ei = (D layw(2) e - 6k)’ dz
B i

2
:/U_ ‘ e =€) Zlawm ZlAkxy) )’ dz

7#1 7¢k

< 2/\max|e,fei\2+2/ ’Zl%(x) Zlmj(w ‘ dz.

max

J#z ];ék
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Let us consider two cases:
1) suppose i = k, then

/ (@, €1, 2) — cly, ex, 2)|*dz
R

2
<2 [ St e - e of
max J:ﬁl ]ik
2
_2/ Z (Lay@(2) = La,w)(2) e ‘ dz
max ‘7#1

N

<N | D ay@() - laym ()P
max J 1
FE

Umax

—QNZ / 1dz+/ 1dz). (4.3.16)
# Aij(x)\Aij(y) A (P\Aj ()

—2NZ/ 1o, ) (2) = 1a, ) (2)[*d=
J?fl

(1a) suppose A;j(z) N A;j(y) # @. Then

/ 1dz + / 1dz
Asj(2)\Aijs (y) Ay (y)\Agj(z)

1—1 N j—1 i—1 N Jj—1
aiPIDIETICED BFICED DD IROED BRI
i'=1 j'=1 jl=1 i'=1 j/'=1 j'=1
§l#i! 3l #i 37 #i! §l#i
i—1 N J i—1 N
UDIDIRCED DPPITED DD DR Z Y (v)
i'=1 j'=1 i’=1 =1 j'=1
gl #i! g’ gl #i! ; ;éz
<2N2Chlz —yl.

(1b) now suppose A;;(x) N Az;(y) = @. We denote by A7z the interval that is
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contiguous to intervals A;;(z) and A;;(y). Then

/ 1dz —|—/
A, (z) A

ij ij i o
i—1 N 7j—1 i—1 N j—1
S} 3D SEVIRES SERIENS b SEVIUIS SRR
=1 j’'=1 j'=1 =1 j’'=1 j’:l
g #i! J'#i g #i! J'#i
i-1 N j i-1 N
1) 95 DEVIERS SRS wh oERIUES pItY
i'=1 j'=1 jl=1 i'=1 j’'=1
il i il D%
< 2N20)\|LL‘ — y|.
Now we can proceed with expression (4.3.16):
2NZ / ldz + / 1dz)
=t A (2)\Ag(y A (Y\A; ()
N
<2N Y (2N?Cylz — y|) < 4AN*Chlz — y.
=1
i

2) suppose i # k, then

/ le(w, e, 2) — c(y, ek, Z)lzdz
R

2

< 4>\max + 2/ ‘ Z ]-Au(z) Z ]-A;w(y ) dz

max =
J#t J;ﬁk

S 4>\max +2- 4N2)\max S )\max(4 + 8N2) + |-T - y|

From the above estimations follows that there exists a constant C. such that

[l i) = ey en,2)%dz < ol =yl + 1) for i 2
R

and
/ le(x, ei, 2) — c(y, ex, 2)|?dz < C.(|x — y|) for i = k.
R

Lemma 4.3.5. Suppose all conditions of Theorem 4.3.1 are satisfied. Then

sup EV| XD — X, |2 + 10" — 0,]2] < Ki+2p% ",
s<T

as h — 0, for some constant K depending only on T.
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Proof. Let estimate the difference of the coefficients. For all A > 0 take s €
[tkstk+1), then applying conditions (4.3.6)-(4.3.7) and Lemma 4.3.4, and since
05 = 0, for any t, € I, and 0,6, € M (unit vectors), we obtain

la"(s, X", 0") — a(X,,0,))% + [b" (s, X", 0") — b(X, 6)|?
= la(X},07) — a(Xs, 05)]> + [b(X[:, 0} ) — b(Xs, 0,) 7
< Cop(|XP = X|* + 107, — 0,]*)
< 20 (|X] — X, | + | Xe, — X + 107 — 04,

/ {ch(tk—,Xhﬁh’z) — C(Xtmatkﬂz)fdz
R
/| Xt}ic79;lk ’Z C(th76‘tk772)|2d2
< Co(|X] — Xo | + 100 — 0y [).

Denote C' = max(2C,, C..). Taking conditional expectation given N(T) = i, we
obtain

Efla" (s, X", 0") — a(X,,0,)* + [b" (s, X", 0") — b( X, 05) ]
< CEIXE — Xo, 1+ B Xy, — XoP]+E67 — 6, °]), (4.3.17)

B[ [ 1t X0, 2) = ol X b1, 9Pl
R
< CEXE — X | + B0 0, ). (43.18)

Denote
pit) & swEX) - X, te[0,T],
u<t
vi(h) 2 sup EY|X,— X.|?], R>0,
(h) S (l 1] (4.3.19)
ARty = supEO" —0,]?], t e [0,T7.
u<t

Then, using (4.3.19) and the inequality (4.3.17) we have

Ei{|a” (s, X", 0") — a(X, 05)* + [b" (s, X", 0™) — b(Xs, 05) ]
< 20(47 (s) + 9i(h) + 77 (),

€1[0,T], h > 0.
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Thus, for ¢ < 7,11, k < ¢ (i.e. less then (k + 1)-th jump time)

or(t) = Slilt)Ei[le - X%

= sup Ef [(/Os(ah(u,xh,oh) — a(Xu,0,))du

s<t

+ /Os(bh(u,xh,eﬂ - WX 0.V, ) |

< sup ! [QT/ (a”(u, X", 6") — a(X,, 0,))%du
0

) hiw. X" oh) — 24
+ [0 X0~ bX,0,) ]
<K / () + 1 (R) + 7! (u))du
< K1/O Pl (w)du + K1 T (i (h) + 1 (1k))

here K = max(1,2T,2C).
By Gronwall’s lemma:

or(t) < KaT(i(h) + 70 (7)™ < Ky T(0i(h) 477 (7)™ T, for t < 1.
Note, that
E[|X, — Xuf2] = Ei“/ a(XU,HU)dv—&—/ b(X,..0,)d, |’

< (s —u) /sEina(Xv,av)ﬂdu+2/31Ei[|b(xv,9y)|2}dv

u

< Ks(s—u), 0<u<s,

and thus '
Yi(h) = sup EY[|X, — X,|*] < Kxh, h— 0.
ls—ul<h
From here
el (t) < KiT(Kaoh + 4 (mi))e 7, (4.3.20)

for t < 741, 1 < k < i, and using the fact that (X! — X,) = (XP — X,_), (ie.
continuity from the left) we get

P (misn) < KAT(Kah 4+l (m